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Using the LePage representation, a symmetric a-stable random element in Ba¬ 
nach space B with a G (0, 2) can be represented as a sum of points of a Poisson 
process in B. This point process is union-stable, i. e. the union of its two indepen¬ 
dent copies coincides in distribution with the rescaled original point process. This 
shows that the classical definition of stable random elements is closely related to 
the union-stability property of point processes. 

These concepts makes sense in any convex cone, i. e. in a semigroup equipped 
with multiplication by numbers, and lead to a construction of stable laws in gen¬ 
eral cones by means of the LePage series. We prove that random samples (or 
binomial point processes) in rather general cones converge in distribution in the 
vague topology to the union-stable Poisson point process. This convergence holds 
also in a stronger topology, which implies that the sums of points converge in dis¬ 
tribution to the sum of points of the union-stable point process. Since the latter 
corresponds to a stable law, this yields a limit theorem for normalised sums of 
random elements with a-stable limit for a £ (0,1). 

By using the technique of harmonic analysis on semigroups we characterise 
distributions of a-stable random elements and show how possible values of the 
characteristic exponent a relate to the properties of the semigroup and the cor¬ 
responding scaling operation, in particular, their distributivity properties. It is 
shown that several conditions imply that a stable random element admits the 
LePage representation. The approach developed in the paper not only makes it 
possible to handle stable distributions in rather general cones (like spaces of sets 
or measures), but also provides an alternative way to prove classical limit theo¬ 
rems and deduce the LePage representation for strictly stable random vectors in 
Banach spaces. 
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1 Introduction 


Stability of random elements is one of the basic concepts in probability theory. A 
random vector ^ with valnes in a Banach space B has a strictly stable distribntion with 
characteristic exponent a ^ 0 (notation SaS) if, for all a, 6 > 0 , 

+ = + ( 1 . 1 ) 

where .^ 15^2 are independent copies of and = denotes equality in distribution. This 
stability concept (in a more general form) was introduced by Paul Levy and thereafter 
has been actively studied in relation to limit theorems for sums of random variables, 
see, e.g., jT3 El ESI for the hnite-dimensional case and PIE] for random elements in 
Banach spaces. The following basic results are available: 

• a complete characterisation of SaS random elements in terms of characteristic 
functionals; 

• a complete description in terms of LePage (or Khinchin-Levy-LePage) expansions; 

• a complete description of the domains of attraction using tail behaviour. 

Recall that the LePage series representation of a SaS vector G for a e (0, 2) says 

00 

( = ( 1 . 2 ) 

k=l 

where ri,r 2 ,... are the successive times of jumps of a homogeneous Poisson process 
on the positive half-line, and Si,e 2 ,--- are i. i. d. unit random vectors independent of 
the P’s. Note that in jH] the notation SaS stands for symmetric a-stable. We prefer 
to use the same notation for strictly a-stable random elements, since for semigroup¬ 
valued random elements the symmetry requirement may be too restrictive and does not 
necessarily imply the strict stability. 

Dehnition (HID of stability makes sense in any space, where addition of elements and 
multiplication by positive scalars are dehned, i. e. in any convex cone. So far this case 
has been thoroughly investigated for the cone of compact convex subsets of a separable 
Banach space with the topology generated by the Hausdorff metric and the main opera¬ 
tion being the Minkowski (elementwise) addition, see, e.g., (TUI[121 El- In this case the 
principal results (LePage representation, domains of attractions, etc.) are completely 
analogous to those well-known for general Banach spaces. The only exception is the lack 
of non-trivial strictly stable distributions for a > 1 , which is explained by impossibil¬ 
ity to centre sums of sets and the fact that the exact dual operation to the Minkowski 
addition cannot be dehned. 

A wealth of information about stable probability measures on Euclidean spaces and 
locally compact groups can be found in nn, see also HSI and m- Strictly stable 
distributions are necessarily inhnitely divisible. Inhnite divisibility of random objects in 
positive convex cones was studied in [221 • Inhnite divisible elements in semigroups were 
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studied in gaiini and are comprehensively covered in the monograph |2D|. As we show 
in this paper, the studies of stability of random elements in semigroups bring into the 
play further properties of semigroups, in particular, the relationships between the neutral 
element and the origin, distributivity laws and the metric structure on semigroups. 

Max-stable random variables appear if the addition in (EH) is replaced by the maxi¬ 
mum operation and min-stable random variables in case of the minimum operation |d9j . 
A max-stable SaS laws exists for every positive a, while min-stable laws may have every 
a < 0 as a possible value for the characteristic exponent. On the other hand, it is well 
known that possible values of a for a Banach space-valued random element hll (0,2]. 
One of the aims of this paper is to identify basic algebraic and topological properties 
of the carrier space that control the range of the characteristic exponent a of strictly 
stable random elements. We also give answers to the questions that concern series rep¬ 
resentations and domains of attraction of stable laws. The key idea is the relationship 
between the stability concept formulated in EH) and the concept of stability of point 
processes (and random sets) with respect to the union jSHEll- The obtained results 
cover not only the classical cases of linear spaces and extremes of random variables. 
They provide a unihed framework for considering additive- and max-stable laws for ran¬ 
dom variables as special cases of semigroup-valued random elements. This framework, 
in particular, includes random closed sets stable with respect to Minkowski addition or 
union operations and random measures stable with respect to addition or convolution 
operations. 

The content of this paper can be outlined as follows. Section |2] introduces the main 
algebraic concepts: the convex cone, the neutral element and the origin, and some metric 
properties that are important in the sequel. 

Section El shows that the classical stability concept EH) is, in a sense, secondary to 
the union-stability. The LePage representation El of stable laws provides an expression 
of a SaS random vector ^ as the sum of points of a Poisson point process fla with support 
points 

suppllc = k>l}, 

where a G (0, 2). The distribution of the random set = supp Ila is union-stable, i. e. 

u = {a + bY^°‘K,a , (1.3) 

where and k" are independent copies of Ka- Distributions of union-stable random 
closed sets in have been completely characterised in |31] , see also [23 Ch. 4]. Because 
and k" possess common points with probability zero, El immediately translates 
into EH by taking the sums over the support points. It should be noted that El 
makes sense for all a 7 ^ 0 (see | 21 ]), while EH in a Banach space holds for a G (0, 2] 
only. One of the reasons for this is that the series in () 1 . 2 j) might diverge. In Section 13.31 
it is shown that the LePage series absolutely converges for all a G (0,1) if the semigroup 
possesses a sub-invariant norm. This representation makes it possible to dehne Levy 
processes with values in a cone, see Section Ell 

It is well known that, under a regular variation type assumption, a normalised random 
sample (or binomial point process) converges in distribution to the Poisson point process 
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IIq,, see, e.g., jSS]- This result is generalised for point processes in Polish spaces. Fur¬ 
thermore, we show that in case a G (0,1) this convergence holds in a stronger topology 
that ensures the convergence of sums of points from point processes. This complements 
the result of [H], where this type of convergence was studied for point processes in R'^. 
From this fact we derive that normalised sums of random elements converge in distribu¬ 
tion to the LePage representation of the corresponding stable law, i. e. a limit theorem 
for normalised samples in cones. This also yields a new proof of the limit theorem in 
Banach spaces with SaS limits for a G (0,1). These results are described in Section HI 

Section HI explores the distributions of stable random elements on semigroups, in¬ 
cluding the ranges of the stability parameter. We first define the Laplace transform of 
a random element as a functional that acts on the family of the characters, and con¬ 
firm its uniqueness. The infinite divisibility property implies that the Laplace transform 
has an exponential form. The main result establishes the equivalence between the sta¬ 
bility property and the homogeneity of the corresponding Laplace exponent. Further 
we describe several essential properties of cones and semigroups that have a particular 
bearing in view of the properties of stable distributions. Among these properties the 
most important are the distributivity properties of the multiplication by numbers and 
the relationship between the neutral element and the origin in a semigroup. The range 
of possible parameters for the stable law provides a new characteristic of a general cone. 
In particular, we describe the cases when the stability parameter a belongs to (0, 2] as 
in the conventional case of linear spaces and when a is an arbitrary positive or arbitrary 
negative number. 

Section HI exploits techniques from harmonic analysis on semigroups, in particular, 
the representations of infinite divisible and negative dehnite functions in view of char¬ 
acterising the Laplace exponents of SaS random elements. In particular, we show that 
the corresponding Levy measure is homogeneous, and characterise other ingredients of 
the integral representations: the linear functional and the quadratic form. 

Finally, Section [7| aims to show that strictly stable random elements in a rather 
general cone admit the LePage representation. We address this question by comparing 
the integral representations of Laplace exponents with the formula for the probability 
generating functional of a stable Poisson process. It is shown that under rather weak 
conditions every SaS random element can be realised as the LePage series that cor¬ 
responds to a Poisson process on the second dual semigroup. Its intensity measure is 
the Levy measure of the corresponding SaS random element. The key issue here is to 
show that the Levy measure is actually supported by the semigroup itself, which leads 
to the “conventional” LePage series similar to m- Apart from the proof of the LePage 
representation in rather general semigroups, this also yields a new proof of the LePage 
representation for SaS random elements with a G (0,1) in reflexive Banach spaces. 

To summarise, we first show that the sum of points of a union-stable Poisson point 
process follows SaS law, then demonstrate that convergence of point processes yields a 
limit theorem with SaS limiting distribution, and finally prove that in a rather general 
case any SaS random element with a G (0,1) can be represented as a sum of points of 
a Poisson process. 
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Section |H1 describes a variety of examples drawing analogy or contrasting with clas¬ 
sical Euclidean or Banach space valued SaS vectors. Clearly, if a cone is embeddable 
in a Banach space, then it is possible to use the results already available for stable dis¬ 
tributions, see jH] . However even in this case we come up with new proofs that further 
our understanding of stable laws in linear spaces. 


2 Convex cones 

2.1 Basic definitions 

Here we summarise several basic dehnitions related to convex cones and semigroups. 

Definition 2.1. An abelian topological semigroup is a topological space K equipped 
with a commutative and associative continuous binary operation -|-. It is assumed that 
IK possesses the neutral element e satisfying x + e = x for every x G IK. 

Consider a family of continuous automorphisms Da : IK —K indexed by positive 
real numbers a > 0. Assume that Di is the identical map and that DaD^x = DabX 
for all a, 6 > 0 and x G IK. In [HH] such IK is called an abelian semigroup over the 
operator domain (0, cxo). The result of applying Dq to x G IK can be understood as 
the multiplication of x by a that yields the following equivalent reformulation of the 
properties of D. 

Definition 2.2. A convex cone is an abelian topological semigroup K being a metrisable 
Polish (complete separable) space with a continuous operation (x, a) i—*• ax of multipli¬ 
cation by positive scalars for x G IK and a > 0 so that the following conditions are 
satished: 


a(x + y) = ax + ay , a > 0, x, ?/ G K, (2.1) 

a{hx) = {ab)x , a,b> 0, x G K, (2.2) 

lx = X , X G IK, (2.3) 

ae = e , a > 0 . (2.4) 


IK is called a pointed cone if there is a unique element 0 called the origin such that 
ax ^ 0 as a i 0 for any x G IK \ {e}. 

It should be emphasised that we do not always require the following distributivity 
condition 

(a -1- b)x = ax -b 6x , a, 6 > 0, x G IK. (2.5) 

We often call dzni) the second distributivity law. Although this condition is typically 
imposed in the literature on cones (see, e.g., [23), this law essentially restricts the 
family of examples, e.g., it is not satished for the cone of compact (not necessarily 
convex) subsets of a Banach space (with Minkowski addition) or on M_|_ = [0, cxo) with 
the maximum operation. Note that the condition (ESI) is not natural if the multiplication 
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is generated by a family of automorphisms Da, a > 0, as described above. In view of 
this, nx means DnX or x multiplied by n and not the sum of n identical summands being 

X. 

If the addition operation on IK is a group operation, then we simply say that K is 
a group. If also the second distributivity law holds, then IK satishes the conventional 
axioms of a linear space. However, even if IK is a group, the second distributivity law 
does not have to hold, e.g., if IK = M with the usual addition and the multiplication 
dehned as DaX = a^^x with f3 1, see also Example 18.111 

2.2 Origin and neutral element 

Unless stated otherwise we always assume that K is a pointed cone, i. e. it possesses 
the origin. The neutral element of K does not necessarily coincide with the origin. For 
instance, if IK is the semigroup of compact sets in with the union operation and the 
conventional multiplication by numbers, then 0 = { 0 }, while the neutral element e for 
the union operation is the empty set. In many other cases the neutral element does 
coincide with the origin, e.g., if IK is a linear space. Note that the dehnition of the 
origin implies that 0 + 0 = 0, and 0 and e are the only elements of IK satisfying ax = x 
for all a > 0 . 

Lemma 2.3. Let IK be a pointed cone. 

(i) If the second distributivity law holds, then e = 0. 

(ii) If there exists x ^ e which possesses an inverse {—x), i. e. x-f (—x) = e, then e = 0. 
Proof, (i) By (I2.5|l . any x ^ e can be decomposed as 

n — 1 1 

X =- X H —X , n > 1 . 

n n 

By letting n —*■ cx) and using the continuity of multiplication we arrive at a; = a; + 0. 
Thus, 0 = e by the uniqueness of the neutral element. 

(ii) By (ED) and dH, n ^x + n ^(—a:) = e. The left-hand side converges as n —> cx) 
to 0 + 0 , whence 0 = e. □ 

In particular. Lemma ESlfh’j implies that 0 = e if IK is a group. 

Definition 2.4. An element z G IK is called a-stable with a 7 ^ 0, if 

aL^z + b^/^z= {a + bf/^z ( 2 . 6 ) 

for all a, 6 > 0 . 

Throughout this paper IK(a!) denotes the set of a-stable elements of IK. Clearly, 
e, 0 G K(a) for any a ^ 0. In particular, K((X)) is the set of idempotent elements that 
satisfy z + z = z, and IK(1) consists of all z G IK that satisfy ()2.5|1 . 
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Lemma 2.5. If the second distributivity law (|2.5)) holds, then'K{a) = {e} for any a ^ 1 . 

Proof. Putting a = 6 in ()2.t)ll and using ()2.5|1 yields = z and = z. By 

iteration, we obtain that = z, where f3 = for a > 1 and f3 = 2 ^/"“^, for a < 1. 

Passing to the limit, we have that z = 0 and thus z = e by Lemma EMi)- □ 

2.3 Norm and metric 

Definition 2.6. A pointed cone K is said to be a normed cone if K (or K\ {e} if 0 7 ^ e) 
is metrisable by a metric d which is homogeneous at the origin, i. e. d{ax, 0) = ad{x, 0) 
for every a > 0 and a: G K. The value ||a:|| = d{x,0) is called the norm of x. 

In Sections 0] and |3] it is assumed that K is a normed cone. Note that the function 
d{x, 0) should be called a gauge function rather than a norm, since it is not assumed to 
be sub-linear, i. e. d{x + y, 0) is not necessarily smaller than d{x, 0) -|- d{y, 0). However, 
we decided to use the word norm in this context, because we employ the gauge function 
to define the balls and spheres in exactly the same way as the conventional norm is used. 
Most of further results can be reformulated for metrics that are homogeneous of a given 
order r > 0 , i. e. d{ax, 0 ) = a^d{x, 0 ). 

It is obvious that ||x|| = 0 if and only if x = 0. Furthermore, ||ax|| = a||x|| for all 
a > 0 and x G K. If e 7 ^ 0, then ()2.4jl implies that ||e|| = d{e,0) = 00 . It is therefore 
essential to allow for d to take inhnite values, c. f. Dehnition 1221 For instance, if K is 
the cone M+ = [0, cxo) with the minimum operation, then the Euclidean distance from 
any nonempty x G M_|_ to 00 (being the neutral element) is inhnite. 

If K is a linear space, the metric and the norm can be routinely constructed using a 
star-shaped neighbourhood of the origin. If this neighbourhood is convex, then IK is a 
locally convex topological vector space and the corresponding norm is sub-linear, i. e. 

||x + i/|| < ||x|| + lli/il . (2.7) 

The open ball of radius r centred at 0 is denoted by 

Hr = {x G IK : ||x|| < r} . 

The interior of its complement is given by 

= {x : ||x|| > r} . 

If e 7 ^ 0, then e G for all r > 0. The set 

§ = {x : ||x|| = 1 } 

is called the unit sphere. Note that S is complete with respect to the metric induced by 
the metric on IK. The existence of the origin implies that ||x|| < 00 for all x G IK \ {e}, 
therefore K admits a polar decomposition. This decomposition is realised by the bijection 
X (||x||,x/||x||) between 


and ( 0 , cx)) x §. 


K' = K \ {0,e} 


2.4 Sub-invariance 

In addition to the homogeneity property of the metric d, we sometimes require that 


d{x + h,x) < d{h,0) = \\h\\, x,hEK. 


( 2 . 8 ) 


Then the metric (or the norm) in K is said to be sub-invariant. This technical condition 
guarantees the uniform continuity of the norm, i. e. closeness of ||a;|| and ||a; + h|| if ||h|| is 
small. Indeed, by the triangular inequality, d{x + h, 0) < d{x + h, a;) + d{x, 0), implying 
the sub-linearity of the norm (EZI and also that ||a: -|- h\\ — ||a;|| < d{x -|- h,x). On the 
other hand, d{x, 0) < d{x, x -\- h) + d{x -\- h,0), so that —d{x, x -\- h) < ||a; - 1 - h\\ — ||x||. 
Therefore, in view of (EH), 

I 11^ + ^11 “ Ikll I ^ d{x h,x) < ||h|| . 


In particular. 


x|| < ||a:-|-h||-|-||h||, x,hEK. 


(2.9) 


The two ‘-I-’ in the right-hand side of dzni) should not be confused: the hrst one is 
the addition operation in IK while the second one is the conventional sum of positive 
numbers. If K is a group, then an invariant (thus also sub-invariant) metric always 
exists, see [23 Oh. 6 , p. 210], i.e. () 2 . 8|1 holds with the equality sign. In general, (El) is 
too restrictive, e. g., for R+ with the maximum operation and Euclidean metric. 


Lemma 2.7. If IK has a sub-invariant norm, then 0 = e and, for any a G (0,1), e is the 
only element with a finite norm that belongs to ]K(q;) . 


Proof. Applying () 2 . 8 j) with th instead of h and letting t I 0 implies that x-|- 0 = x for all 
X, whence e = 0. The sub-invariant norm also satishes (EH), so that, for each z G K{a) 

(a + 6 )^/"||z|| = ||(a + 6 )^/“z|| = < (a^/" + 6 ^/")||z|| . 

If 7 ^ 0 and ||^|| ^ oo then (a -|- I)^/" < for all a,b > 0 is impossible for 

aG( 0 ,l). □ 


Typical examples of cones that fulhl our requirements are Banach spaces or convex 
cones in Banach spaces; the family of compact (or convex compact) subsets of a Banach 
space with Minkowski addition; the family of compact sets in with the union op¬ 
eration; the family of all hnite measures with the conventional addition operation and 
multiplication by numbers. Another typical example is the set M+ = [0, cxo) with the 
maximum operation x-\-y = x\/y = max(x, y). In order to distinguish this example 
from the conventional cone (M+, -(-), we denote it by (M+, V). These and other examples 
are discussed in Section |H1 

We say that IK can be isometrically embedded in a Banach space B if there exists an 
injection I : IK — >• B such that I {ax -\- by) = al{x) + bl{y) for all a,b > 0 and x, y G IK 
and d{x,y) = ||I(x) — I{y)\\ for all x,j/ G K. However, this embedding is possible only 
under some conditions on the cone K and the corresponding metric. 
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Theorem 2.8. A convex cone K with a metric d can be embedded into a Banach space if 
and only if the second distributivity law (12.51) holds and d is homogeneous and invariant, 
i. e. d(ax, ay) = ad(x, y) and d{x + z, y + z) = d{x, y) for all a > 0 and all x,y,z ^ K. 

Proof. Necessity is obvious. Sufficiency follows from Hormander’s theorem [25, see 
also | 22 I . □ 

3 LePage series on a cone 

3.1 Point processes on a cone 

Consider a normed cone K with its Borel a-algebra i3(]K). Let Ado (respectively Ad) 
be the family of counting measures m on i5(K) such that m{B^) < oo (respectively 
m{Br) < oo) for every r > 0 . Both families Ado and Ad also contain the null-measure. 
Denote by the unit mass measure concentrated at a: G K. Any counting measure can 
be represented as 

m, 6 x 1 ffi ^ 3:2 ffi ■ ■ ■ 6 x^, (3.1) 

i 

where xi, X 2 ,... is an at most countable collection of points such that only a hnite number 
of Xj’s lies in if m G Ado or in if m G Ad for every r > 0. When considering Ado 
we deviate from the typical setting in the theory of point processes (see, e. g., |H]), where 
the point sets are assumed to be locally hnite. Our setting allows for a concentration 
point at the origin for measures from Ado- To cover these both cases with the same 
notation, let A^ denote B'' {B^-i, respectively) in case we consider measures from Ado 
(Ad, respectively). Then we always have m{Ar) < 00 whenever m G Ad or m G Ado- 
The counting measure m is said to be simple if the points xi,X 2 , - - - from (HH) are 
distinct- A simple counting measure is fully characterised by its support 

suppm = {x G IK : m({x}) > 0} - 

A point process /i is a measurable map from some probability space into Ado (or Ad) 
with the (T-algebra generated by the sets of measures m G Ado (or m G Ad) such that 
m{B) = n for Borel sets B G IK and n > 0- The distribution of y is denoted by P- 
The process is simple if almost all its realisations are simple- The probability generating 
functional of p is dehned as 

Gfj,{u) = 'Eexp^ f logM(x) p.((ix)| = E 1 ^ , 

Xi&upp/l 

where E is the expectation with respect to P and u : IK 1 —>■ (0,1] is a function that 
identically equals 1 on the complement of A^ for some r > 0, c- f- [HI See- 7-4]. 

If F is a Borel set, then jpxp{dx) is the random element obtained as the sum of all 
the points from F fl supp p taking into account possible multiplicities. If p{F) is a. s. 
hnite, this integral is a well-dehned hnite sum. Otherwise, e.g., if one considers 

/ xp{dx) = / xp{dx) 

Jk 
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with the integration over F = K, the almost sure convergence of this integral is under¬ 
stood as the existence of the integral for almost all /r. The absolute convergence requires 
the existence of J ||x||/i((ia;). A weaker condition is the convergence of the principal value 
which requires that xfi{dx) converges as r | 0. Similar definitions are applicable for 
the integral J g{x)p,{dx), where : K i—K is a measurable function. 


3.2 Stable Poisson process 

Let A be a measure on IK which is hnite on all r > 0. A point process If is 
called a Poisson process with intensity measure A if, for any disjoint family of Borel 
sets Fi,..., Fn, the random variables n(Fi), ..., n(F„) are jointly independent Poisson 
distributed with means A(Fi),..., A(F„), respectively. The Poisson process is simple if 
and only if its intensity measure is non-atomic. 

Given the automorphisms Da : x ax introduced in Section 12.11 Dam denotes the 

image of m, i. e. {Dam){A) = = m{Da-iA) for every Borel A. If m = 

is a counting measure, then Dam = ^axi, in particular, supp(Zlam) = a(suppm) and 


J xDam{dx) ~ ^ J xm{dx). (3.2) 

An important property of a Poisson process 11 is that Fall is again a Poisson process 
driven by the intensity measure F^A, if A is the intensity measure of 11. 

Example 3.1 (Stable Poisson point process). Recall that K' = K\ {0, e} can be identihed 
with (0, oo) X § using the polar decomposition. Dehne a measure A (also denoted by 
Aa^a) on K' as the product of the measure 9a on ( 0 , cx)) such that a 7 ^ 0 and 


9a{{r,oo)) = r " if a > 0 , 

6 'a(( 0 , r)) = ifa< 0 , 

and a finite measure a on the Borel a-algebra F(§) induced on §. The Poisson process 
on K' (and thus also on K) with intensity measure Aa,a is denoted by Tla^a- We omit 
the subscript a and write simply when no confusion occurs. The measure a is called 
its spectral measure. If a > 0, then n„ G AAq, i. e. it has the concentration point at the 
origin. If a < 0, then !!„ G AA, and if e 7 ^ 0, then the support points of Ifa have the 
concentration point at e. 

The importance of the process IIq, in our context stems from the fact that it is stable 
with respect to the addition operation applied to the corresponding counting measures. 


Theorem 3.2. Let !!(,, and 11" be two independent copies of IIq,. Then 

Dal/all^ + -Dftl/all^ = D(^a.+bp/°‘ 


(3.4) 


for all a,b > 0. 
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Proof. By (1131), the intensity measure A = of IIq, satisfies 

(L>„i/„A)(A) = A(A)„-i/.A) = aA(A) (3.5) 

for any Borel A. Note that the left-hand side is the result of a contraction of the phase 
space, while the right-hand side is a measure obtained by multiplying the values of A 
by a number. Thus the processes on the both sides of (D are Poisson with the same 
intensity measure (a -|- 6)A. □ 

Property (Q can be reformulated as the stability property of Ila with respect to 
the union operation applied to its support set. Let = supplfa and let and k" 
be two independent copies of Ka- Since the intensity measure A of IIq, is non-atomic, 
n = 0 with probability 1. Then (13. 4 j) is equivalent to 

U = (a -I- b^^'^Ka (3.6) 

for all a, b > 0. This means that Ka is a union-stable random closed set, i.e. a SaS 
random element in the cone of closed sets with the union operation, see |34j . 

The following theorem provides a useful representation of the process IIq, especially 
for simulation purposes. Its proof relies on basic facts on transformations of a Poisson 
process. 


Theorem 3.3. Let {Cfc} and {sk} be two independent sequences of i. i. d. random vari¬ 
ables, where (k, k > 1, have exponential distribution with mean 1, and Sk, k > 1 are 
distributed on S according to &(■) = a(-)/a(S), where a is a hnite measure on S. Dehne 
c = ct(S)^/" and Tk = Ci + ''' + Ck, k > 1. Then, for any a 0, 


n = 


oo 

f ^ 

k=l 


(3.7) 


By conditioning with respect to the number of points of IIq = IIq in A^, it is easy 
to calculate its probability generating functional 


G'n„(w) = exp (1 - n(a;))A(da;)| , (3.8) 

where A = Aq^q and n : IK i—^ [0,1] is a function that is identically equal to 1 outside of 
Ar, see jHl Ex. 7.4(a)]. By passing to a limit, it is possible to show that (13.811 holds for 
any function u such that 1 — n is integrable with respect to A. 

Lemma 3.4. Let IIq^^ be the point process obtained by multiplying all points from Ila,a 
by i. i. d. realisations of a positive random variable r] with a = Erj^ < oo. Then IIq^^ has 
spectral measure aa and coincides in distribution with the point process D^i/dla. 
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Proof. It suffices to show that the probability generating functionals of the both pro¬ 
cesses coincide. By conditioning with respect to the realisation of IIq, one easily obtains 
that 

G„(,,)(n) = exp < — / (1 — Eu(xri))A(dx) 

“ I Jk 

By changing variables xr] = y and using (I3.5|) . it is easily seen that the exponent in the 
formula for the probability generating functional is 



— 'Er]°‘f {1 — u{x))A{dx) 

Jk 

that corresponds to the probability generating functional of D^i/aYla- D 

Remark 3.5. A stable Poisson process Bq, can be dehned on any convex cone IK without 
assuming that IK possesses the origin or a norm. It suffices to consider a Poisson point 
process whose intensity measure A is homogeneous, i. e. satishes (ESD. 


3.3 LePage series 

A IK-valued random element ^ is said to have SaS distribution if it satishes (EH) with 
the addition and multiplication operations dehned on IK. Theorem 13.fil below provides a 
rich family of SaS distributions by their series decomposition. 


Theorem 3.6. Let k > 1} bei. i. d. exponentially distributed random variables with 
mean 1 and let = Ci + ''' + Ck, k = 1,2,.... Furthermore, let be independent 
of {Cfc} i. i. d. random elements on the unit sphere § in K with a common distribution 
a. If the principal value of the integral f xna,a(dx) is finite with probability 1, then for 
any z G IK(a) and c > 0, the series 

CO 

e„ = ^ + c5^P;'/% (3.9) 

k=l 

converges almost surely and has a SaS distribution on IK. 

If the norm on IK is sub-invariant, then the infinite sum in iTOI) converges absolutely 
a. s. for any a G (0,1). 

Proof. The case c = 0 is trivial. Without loss of generality assume that ^ = e in dSH). 
Note that 

OO 

= 

k=l 

where 11^ = Ila^cr with a = c°'d. Recall that denotes if a > 0 and B^-i if a < 0. 
By (13.4j) and almost sure hniteness of nQ(Ar) we have that 


/.n.(d.). 



X D^i/cll'^{dx) + 



X D 1,1/ cU'fidx) 





13 


Since the principal value of f xna,a(dx) is finite by the condition, (HI implies that the 
integrals above also converge. Then we can let r J, 0 to obtain that 




(3.10) 


where and are two independent copies of h e. is SaS. 

Now assume that the norm is sub-invariant, i. e. it satisfies dZH). If^n 
then 


d(Sn,S^+J < 


n+m 

E: 

k=n+l 




£k 


< 


n+m 

E 

k=n-\-l 


Z^fc=l k 


Note that the first sum corresponds to the semigroup addition in K while the second 
is the ordinary sum of positive numbers. The last expression vanishes almost surely as 
n —>■ oo, since ~ with probability 1 by the strong law of large numbers. 

Referring to the completeness of IK conhrms the a. s. convergence of the series. □ 


The distribution of given by dSSD is determined by its deterministic part z and 
the measure a = c^a on § called the spectral measure. The series (EH, also written as 


^a = Z + J xIlo,{dx) , (3.11) 

is called the LePage series on K. The convergence of the principal value of the integral 
in (IXTTD is equivalent to the convergence of the series in (HI). Theorem Id.hi implies 
that for a G (0,1) under the sub-invariance condition, the integral in (ld.ll|l converges 
absolutely a. s. The convergence property for other a depends on finer properties of the 
cone. For instance, in (M+, -I-) the series (jd.hj) converges if and only if a G (0,1). In a 
Banach space the properly centred (or symmetrised) series also converges for a G [1, 2), 
see jSl Sec. 1.5]. In some cones the series (jd.9|l converges for all positive or negative a 
as the following example shows. 

Example 3.7. Consider the cone (M+,V). If = 1 for all /c > 1 and a > 0, then 
has the Frechet distribution which is max-stable. The Weibull distribution 
arises in ([0, cx)], min) cone for a < 0. Here any S'aS'-distribution for a > 0 is trivial 
concentrated at 0. 

Remark 3.8. The point z in (ITTTD does not have to be a-stable itself in order to produce 
a SaS element For instance, has the Frechet distribution which is stable in the 
cone (M, V) for z being any negative number and Sk = ^ for all fc > 1, c. f. Corollary 15.141 

Remark 3.9. A convergent LePage series yields a (possibly degenerate) SaS random 
element in any convex cone K. It is not essential that the topology on IK is metrisable or IK 
is equipped with a norm. The only assumption is that IK possesses a polar decomposition. 

A simple example of a SaS law in any Banach space is provided by the random 
element ^ = pxQ, where p is non-negative SaS random variable and Xq is any non¬ 
zero vector. The same construction is applicable to any convex cone that satisfies the 
second distributivity law (HU). However, if (HU) does not hold, this construction no 
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longer works. For instance, if IK = (M+,V), then ^ = rjxo with a non-negative SaS 
random variable rj is not SaS, since for and ^2 being two independent copies of the 
random elements ■^ 1+^2 = (?7i V 772 ) 3^0 and have different distribntions. In contrast, 
Theorem Id .hi yields that 

Ya = max f ^ ' xo = f 1 xo 

is SaS and so provides an example of a SaS distribntion in this cone. 

3.4 Levy process 

In this section it is assnmed that IK has a snb-invariant norm. Let {F^} and {6:^} be 
as in Theorem EH If a G (0,1) and {r]k\ are i. i. d. copies of a non-negative random 
variable rj with c = Er/" < cx), then Theorem Id. hi and Lemma fd.4l imolv that 

00 

(3.12) 

k=l 

absolntely converges almost snrely and has SaS distribntion on IK with spectral measnre 
a = ca. 

Representation can be nsed to constrnct a IK-valned SaS Levy process, i. e. IK- 

valued process with independent and stationary SaS increments. A IK-valned stochastic 
process t > 0, is said to have independent increments, if, for every n > 1 and 0 < fo < 
ti < ■ ■ ■ < tn, there exist jointly independent IK-valued random elements ■ ■ ■, 
(representing the increments) snch that the joint distribntions of ... ,Xt^ and 

Xto-,Xto + • • •, Xtg -f ^toh +-1- coincide. 

Theorem 3.10. Let {sk} and {Ffc} be as in Theorem Id. 61 and a G (0,1). Let {xk, k > 1} 
be a sequence of i. i. d. random variables uniformly distributed on [0,1] and independent 
of the sequences {sk} and {Ffc}. Then the process 

00 

^ l[0,t](rfc)£A: , tG[0,1], (3.13) 

k=l 

has independent increments given by 

OO 

F”^/" Ip,,] {Tk)ek , t<s, (3.14) 

k=l 

which are SaS distributed with the spectral measure (s — t)d. 

Proof. The proof follows immediately from the constrnction applied to rjk = 

l-{t,s]lrk), k > 1. □ 

Example 3.11. Consider (M+, V). Since S = {1}, 

w(() = vpy , i 6 io, i|, 
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where k{t) = min{fc : Tk < t}. Then is a Markov process with a. s. piecewise 
constant non-decreasing trajectories on [e, 1] for every £ > 0. This process has been 
stndied in UDI under the name of a super-extremal process for IK being the family of 
upper semicontinuous functions with pointwise maximum operation. 

4 Convergence to stable laws 

4.1 Weak convergence of point processes 

A stable Poisson process IIq, has always inhnite number of support points since its 
intensity measure is inhnite. If a < 0 this process has hnite number of points in any 
bounded set (and so has realisations from Af), while for a > 0 its concentration point 
is at the origin 0 and only a hnite number of points lies outside any ball centred at 
0. The hrst case corresponds to well-known a-hnite point processes. In order to study 
convergence of processes with possible concentration point at 0 (i. e. with realisations 
from Aio), we need to amend some conventional dehnitions. 

Consider the family C of continuous bounded functions / : IK — M such that f{x) = 0 
for all X ^ Ar with some r > 0. A sequence of counting measures {rUn, n > 1} from Af o 
(or from Af) is said to converge vaguely to m (notation rUn m) if 



(4.1) 


for every / G C. For counting measures from A1 this dehnition turns into the con¬ 
ventional dehnition of vague convergence, see Using the inversion transformation 
X H-^ a:/||a:p it is easy to conhrm that conventional properties of the vague convergence 
hold for point processes from Alo- In particular, the family Af o with the vague topology 
is a Polish space, see j221 Prop. 1.15.5]. 

Note that the vague convergence is often formulated for counting measures in locally 
compact spaces, where the functions from C have compact supports, see, e. g., pH] . 
Counting measures and point processes in general Polish spaces have been systematically 
studied in [32] and [H]. 

The following result extends (03) for IK-valued functions. 

Lemma 4.1. If mn ^ rn with a finite measure m, then 



(4.2) 


for any continuous function : K i—>■ K such that g(x) = e for all x G Af. for some r > 0. 

Proof. Note that m is a hnite measure on Ar. By m Sec. 1.15] it is possible to order 
the support points of so that they converge to the corresponding support points of 


m. This implies 013 taking into account the continuity of g. 


□ 
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Weak convergence /i„ ^ /x of point processes is defined using the weak convergence 
of the corresponding probability distributions, i. e. E h(/r„) ^ E h(/i) as n —>• oo for any 
bounded and continuous in the vague topology function h that maps M. oi Aio into M. 

Let denote the restriction of fi onto Ar. It is shown in |221 Th. 3.1.13] that fin ^ 
for a simple point process fi if and only if fin{B) weakly converges to fi{B) for all B from 
a certain subring of {B G B{K) : fi{dB) = 0 a.s.} such that for each closed F and each 
open neighbourhood U D F, one has F <Z B <Z U for some B from this subring. Since 
any such set B may be chosen to be separated from the origin by a positive distance r 
(in case of M.q) or contained in a ball of radius r~^ (in case of Af), and fi{B) = /i|^(i?), 
the following result holds. 

Lemma 4.2. A sequence {finT^ > 1} of point processes weakly converges to a simple 
point process fi if and only if fin\^ fi\‘^ as n ^ oo for all r > 0 such that fi{dAr) = 0 
almost surely 

4.2 Convergence of binomial processes 

Let fc > 1} be a sequence of i. i. d. K-valued random elements. For every n > 1, 
% is called the binomial point process. It is simple if and only if the distribution 
of is non-atomic. The scaled versions of the binomial process are dehned by 

n 

= ^^>1, (4.3) 

k=l 

for a sequence n > 1} of normalising constants. We shall typically have 

bn = n^/"L(n), n > 1, (4.4) 

with a ^ 0 and a slowly varying at inhnity function L. 

The following theorem shows that the Poisson point process IIq, with a > 0 arises as 
a weak limit for binomial processes /3n dehned by dOD if the ^fc’s have regularly varying 

tails. 

Theorem 4.3. Let ^ 2 , ■ ■ ■ be i. i. d. K'-valued random elements. Then f3n ^ LIq, as 
n —>■ 00 for a > 0 if and only if there exists a hnite measure a on 13(8) such that 

lim nPj^ e G, ||^|| > rhn \ = cr(G)r"" (4.5) 

for all r > 0 and G & B(8) with a(dG) = 0, where the bn’s are given by A4.4\) . 

This result is similar to Proposition 3.21 in |39l p. 154] for K being a locally compact 
space. Note that the condition of type (EH) is typical in limit theorems for sums of 
random elements, see [H p. 167]. The condition of ^ being K'-valued ensures that 
0 < ll^ll < cx) a. s. 
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Proof of Theorem |^.5] SufEciency. By Lemma 021 it suffices to show that Pnf BqI^ 
for all r > 0. Since S is a Polish space, for every 5 > 0, there exists a compact set 
85 C § such that cr(§ \ §5) < 6 . Denote by (respectively nQ,|^’'^) the restriction of 

(5n (respectively Ila) onto the set [r, cx)) x S 5 . 

Consider a continuous in the vague topology function F : 1^ with the absolute 

value bounded by a. Since [r, cx)) x S 5 is a locally compact space, [321 Prop. 3.21] yields 
that EF{f3nf’^) EF(n„|'’’'5) as n —>■ 00 . Note that r “ in (031) coincides with 
9a{{r, CX))). 

Furthermore, 


I EF(/3„r) - E < 2aP{f3nf'^ ^ . 

The latter probability is bounded by nP{||^|| > 'r 6 „,^/||^|| ^ S 5 }. By ()4.5j) . its upper 
limit as n —>■ CX) does not exceed (5r““, which can be made arbitrarily small for every 
hxed r > 0 by the choice of 6 . 

Similarly, the absolute difference between E F(ncj|^) and E F(ncf|'’’^) is bounded from 
above by 


2 aP{n„r’'^ ^ n„r} <2 a(l- exp{- 0 „(r, cx) a(§ \ S 5 )}) < 2ar-"(5 . 

Therefore EF{(3nf) —> EF(nQ,|^) as n ^ 00 . 

Necessity. Let B = (r, x) x G, where G is a Borel subset of S with a{dG) = 0. Then 
P{nQ,(c}i?) > 0} = 0, whence by 021 Th. 3.1.13] Pn{B) converges weakly to 110 ,( 1 ?). The 
former has the binomial distribution with mean 

E/3„(i?)=nP{||e||>r6„, e/llell e G} , 
while the latter has the Poisson distribution with mean r~°'a{G). Therefore, 

nP{l|e|| >r 6 „, e/llel|eG}^r-V(G). 


□ 

By applying the inversion transformation x 1 —>■ a:||a:||“^ it is possible to convert all 
measures from M.o to measures from fA. Therefore, an analogue of Theorem 14.31 holds 
for Qc < 0 . 

Corollary 4.4. Let ^ 1 , ^ 2 , • • • he i. i. d. K'-vaiued random elements. Then /3„ ^ Llo as 
n —>■ X for a < 0 if and only if there exists a finite measure a on 13(8) such that 

lim nPj^ e G, ||^|| < rhn \ = a(G)r"" (4.6) 

n^oo I ll^ll J 

for all r > 0 and G G i3(§) with a(dG) = 0 , where the bn’s are given by il4.4|) . 
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4.3 Convergence of sums 

Normalised sums of random elements in IK can be represented as sums of points of 
the corresponding binomial processes /?„. In order to derive the limit theorem for the 
normalised sums from the convergence IIq, shown in Theorem 14.hi we need to prove 

that the convergence holds in a stronger topology than the vague topology described in 
Section mu Indeed, the sum of points of a point process /x can be written as 

j gdfi = j g{x)^i{dx)= ^ g{x), 

tcCsupp p 

where g{x) = x is a continuous function K i—>■ K whose support is neither bounded nor 
separated from the origin. Therefore, the weak convergence /i„ ^ /x does not imply the 
weak convergence of the integrals J gd^i^ to J gdg,. 

All point processes in this section are assumed to belong to Ado, h e. they have 
almost surely at most a finite number of points outside for every r > 0. Note that 
the sum and integrals of K-valued functions are understood with respect to the addition 
operation in IK and their absolute convergence with respect to the norm on IK. 


Lemma 4.5. Assume that IK possesses a sub-invariant norm. Let /x„ ^ /x for a point 
process /x such that < oo a. s. for all r > 0. Let : IK i—>■ IK be a continuous 

function such that f gdp, converges absolutely and 

> 0 as r j 0 (4.7) 

for each e > 0. Then J gdfUn weakly converges to J gdp.. 

Proof. Since the space Ado is Polish, by the Skorohod theorem it is possible to define 
Hn and fi on the same probability space so that /x„ /x almost surely. In particular, 
hnf ^ > 0 such that P{/x(r§) > 0} = 0. By the triangle inequality. 


lim sup P 


gdp^r. 


' Br 


dU gdfin, / gdp^ 


<dn gdun, / gdUnf'^ “^^(/ ddpnf, / gdfrf'^ +^(/ ddpl'', / gdp 


By ()2.8j) . the first summand is at most || gdUnW- The second summand Cnir) converges 
to zero a. s. as n —cxo for any r > 0 by Lemma 14.11 and continuity of g. The third 
summand 7 (r) converges to zero a. s. as r J, 0, since / gdfi exists. Thus, 



>e-Cn{r) -7(?^)} 

> e/2^ + P{Crx(r’) + 7 (r) > e/2] . 


By (14.711 the probability on the left can be made arbitrarily small by the choice of n 
and r. □ 
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Now we prove that the result of Theorem 14.HI can be strengthened to show a stronger 
type of convergence if a G (0,1). The corresponding topology in the special case of point 
processes in the Euclidean space was called the (5-topology in p. 


Theorem 4.6. Assume that the norm on IK is sub-invariant. If (Hi) holds with a G 
(0,1), then f X /3n(dx) weakly converges to f xllaidx). 

Proof. Let p = (pi, p2, ■ ■ ■) b® fh® decreasing sequence of the norms of the support points 
of Ila and pn = (pi,n,P 2 ,n, • • •) be the non-increasing inhnite sequence of the norms of 
the support points of the process f3n hlled with O’s starting from the index n -|- 1. 

Notice that (031) implies that 

lim nP{||^|| > rhn} = cr~°‘ 

n—>CO 

with a constant c, which implies that ||^|| belongs to the domain of attraction of Of-stable 
one-sided law on M+. It is well known (see, e. g., |291 Lemma 1]) that in this case the 
hnite-dimensional distributions of the sequences pn converge to those of the sequence p. 
Using the Skorohod theorem, one can dehne pn and p on the same probability space so 
that pk^n Pk for all fc = 1, 2,... almost surely. 

Recall a well-known convergence criterion in the space L^{p) of positive functions 
integrable with respect to a (j-hnite measure p\ if /n > 0, /„ —> / p-almost everywhere 
and J fndp ^ J f dp then /„ —> / in L^{p). Taking p = be a counting 

measure on {1,2,...}, this translates into 

OO 

\pk,n — Pfc| —>■ 0 as n —> cx) almost surely. (4.8) 

fc=i 

Since the intensity measure of n„ is non-atomic, with probability 1 none of the p^’s 
coincides with r. Conditionally on this event, in view of (031) we have that = 

= ko for all sufficiently large n, whence 


Jn{r) 



X (3n{dx) 



OO OO 

'y ^ Pk,n ^ y ^ Pk 
k=ko-\-l k=ko-\-l 



a:|| Ila{dx) = I{r) 


as n —»• cxo with probability 1. Hence, limsup^ J„(r) < I{r) a. s. Given arbitrary (5 > 0, 
hx a small r > 0 so that 

P{/(r) > £} < (5. 

This is possible since the integral / ||x|| dHa with a G (0,1) converges a. s. and thus in 
probability. Then by Eaton’s lemma. 


limsupP{J„(r) > e} < P{limsup lj„p)>J 

n n 

= P{limsup Jnir) > e} < P{/(r) > e} < 5 . 

n 

Thus (j4.7|l holds and an application of Lemma 14.51 completes the proof. □ 
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4.4 Domains of attraction for SaS laws 

A random K-valued element ( is said to belong to the domain of attraction of a SaS 
random element if, for a sequence n > 1} of i. i. d. copies of (, 

^n^(Cl + --Cn) ^ 

where {bn,n > 1} is a sequence of positive normalising constants and ^ denotes the 
weak convergence of K-valued random elements. The following result conhrms that 
conventional sufficient conditions on the domain of attraction of SaS laws are also 
applicable for distributions on convex cones. It is proved by an immediate application 
of Theorem 14.bl 

Theorem 4.7. Assume that K has a sub-invariant norm. Let {Cn,} be a sequence of 
independent copies of a random element ( G K'. If ( satisfies A4.5\) with a G (0,1), 
then ( belongs to the domain of attraction of SaS random element with the spectral 
measure a and representation with z = e. 

As a simple example, one sees that rje belongs to the domain of attraction of SaS 
law if 7] is a SaS positive random variable with a G (0,1) and £ is any random element 
with values in S and independent of rj. 

The condition (113) for the domain of attraction appears also in Th. 7.11] for 
IK being a type p-Rademacher space. It also characterises the domains of attraction of 
multivariate max-stable distributions, see psi. 

The following result shows that it is possible to deduce the LePage representation of 
a stable random element from the existence of the corresponding spectral measure. 

Theorem 4.8. Assume that IK has a sub-invariant norm. Let ^ be a SaS random 
element in K', such that (14.51) holds with a G (0,1), so that ^ possesses the spectral 
measure a. Then ^ admits the LePage representation given by (Id.hi) with z = e. 

Proof. By the stability property, f coincides in distribution with for 

each n > 1. The latter is the sum of support points for the binomial process /3„ (with 
all the points distributed as ^), so by Theorem 14.(il it converges to the sum of points of 
IIq being the LePage series ra . □ 

The existence of the spectral measure for SaS random elements in separable Banach 
spaces is a well-known fact, see jU p. 152]. Together with Theorem 14.81 this provides 
an alternative way to deduce the LePage representation for SaS laws with a G (0,1) 
in separable Banach spaces, c. f. jH] . In order to derive the existence of the LePage 
representation for more general semigroups, we use the technique of harmonic analysis 
on semigroups that is explained in the following sections. 
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5 Distributions of stable random elements 


5.1 Characters on semigroups 

Assume that the semigroup K is equipped with involution, i. e. a continuous map * : 
IK I—K satisfying {x + y)* = y* + x* and (x*)* = x for all x, y G IK. Assume also that 
(ax)* = ax* for every x G IK and a > 0. Note that the involution can be the identical 
map. 

If K is a normed cone, we also assume that ||x*|| = ||x||, i. e. the sphere S is invariant 
with respect to the involution operation. However, in Sections EHZI we do not require 
that IK is a normed cone unless stated otherwise. It is not even assumed that IK is a 
pointed cone, i. e. IK possesses the origin. 

Definition 5.1. A function y that maps IK into the unit disk D on the complex plane 
is called a character if x(e) = 1, x(x + y) = x{^)x{y) and x(x*) = x(x) (the complex 
conjugate of x(x)) for all x, ?/ G IK. 

We often encounter the following three cases. 

• If the involution is the identity, then the characters take real values from [—1,1]. 

• If K is an idempotent semigroup, i. e. x + x = x for each x G IK, then all characters 
take values 0 or 1. 

• If the involution x* is the inverse element to x, i. e. x + x* = e for all x G IK, then 

the characters take values in the unit complex circle T = : \z\ = 1}. 

It is also possible that the characters take values in the whole unit disk D, for instance, 
if K is the semigroup of probability measures with the convolution operation, where the 
characters are given by characteristic functions, see Example 18.121 Note that one can 
also study possibly unbounded characters, that are often called semicharacters, see jHl 
Def. 4.2.1]. 

The set IK of all characters (with the pointwise multiplication operation) is called the 
restricted dual semigroup to IK. The character 1 (identically equal to one) is the neutral 
element in IK. The involution on IK is the complex conjugate, i. e. x* = X- The family of 
characters is endowed with the topology of pointwise convergence. Then the projection 
px '■ X^ x{^) becomes a continuous (and therefore measurable) function IK i—^ © with 
respect to the Borel cx-algebra on IK for each x G K. Note that Definition 15.11 imposes 
no continuity (nor even measurability) condition on the characters. 

The multiplication by a in IK induces the multiplication operation y i—> a o y on K 
given by (a o x)(x) = x(ax) for all x G IK. Note that 2 o y is not necessarily equal to 
since x(2x) is not necessarily equal to x(x + x) = x(x)^ unless the second distributivity 
law holds. 

A family IK of characters is said to be a sub-semigroup of IK if IK contains the identity 
character 1 and is closed with respect to pointwise multiplication, i. e. X 1 X 2 ^ IK for all 
Xi,X 2 £ IK. A sub-semigroup IK is called a cone (of characters) if it is also closed with 
respect to multiplication by numbers o, i. e. a o y g K for all y G K and a > 0. 
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Definition 5.2. A sub-semigroup K C IK is called separating, if, for any two distinct 
elements x,y G K, there exists y G K such that x(a;) ^ xiv)] ^ is called strictly 
separating if, for any two distinct elements x,y G K, there exists y G IK such that 
x{^') 7^ x{y') for all x' and y' from open neighbourhoods of x and y, respectively. 

If the characters from IK are continuous on K, then the strict separation follows from 
the simple separation condition. It is known CHI Th. V.22.17] that every locally compact 
abelian group possesses a separating family of continuous characters. However, not all 
semigroups possess a separating family of characters. For instance, ii x + x = y + y 
and X + X + X = y + y + y ioT some x ^ y, then x and y cannot be separated by any 
character, since every character y necessarily satisfies y(a;)^ = xivY y(a;)^ = xivY^ 
see Example 18.191 

5.2 Laplace transform 

A sub-semigroup IK of characters generates a K-weak topology on IK by declaring Xn ^ x 
if and only if y(x„) —^ y(a;) for all y G IK. The IK-weak topology is the weakest topology 
that makes all characters from IK continuous. Let JF(IK; IK) be the smallest cr-algebra on 
IK that makes all y G IK measurable. This cr-algebra is generated by the cylindrical sets 
{x G IK : Xi{^) ^ Fi, i = 1,..., n}, n > 1, where Fi, ... ,Fn are Borel subsets of D and 
yi,...,y„ G K. 

Denote by 

= K 

the restricted dual semigroup to IK, i. e. the family of all characters on IK. We equip IK** 
with the topology of pointwise convergence, which generates the corresponding Borel 
cr-algebra H(IKt*). The evaluation map z : IK i—IKM s defined by associating every a; G IK 
with p = Pa; G IK** such that Px(y) = x{^) for all y G IK, c. f. m Sec. 20]. The evaluation 
map t is injective if and only if IK is separating. 

The Laplace transform of a K-valued random element ^ is a complex-valued function 
y H-^ Ey(,^), where y is a Borel measurable character from IK. The following result is 
well known for random elements in locally compact spaces with continuous characters, 
see 13 § IX.5.7]. However, it also holds in a more general framework. 

Theorem 5.3. If IK has a separating sub-semigroup IK such that JF(IK; IK) = H(IK), then 
every probability measure P on IK (or the distribution of a random element f) is uniquely 
determined by its Laplace transform 

Ey(0= [ x{x)P{dx), yGK. (5.1) 

Jk 

Proof. The function E y(,^) is a bounded positive definite function on IK. By |2l Th. 4.2.8], 
there exists one and only one Radon measure p on the restricted dual semigroup to IK 
(i. e. the second dual semigroup IK**), such that 

Ey(0=/ p{x)h{dp). 

JK'i 
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The separation condition implies that the evaluation map i is injective. By the condition, 
i is i3(]K)-measurable, since, for Borel sets Fi,..., F„ C D, 

e ]K“ : p{xi) ^ Fi, i = l,...,n}) 

= {x e IK : Xi{^) ^ Fi, i = 1,... ,n} E F(K; IK) = i3(IK). 

This makes it possible to define the image measure p' of P under the natural map i by 
p'{F) = P(z“^(F)) for all Borel F C K**. By definition, p' is supported by z(IK). After 
substitution p = i[x) (EH) can be re-written as 

[ X{^~\p)) P'{dp) = [ p{x)p\dp) 

and the uniqueness property implies that p = p'. □ 

Remark 5.4. Note that JF(K; IK) = B(K) if K is a separating countable family of B{K.)- 
measurable functions, see jlHl Prop. 1.1.4]. If IK consists of continuous characters, then 
the separation condition already implies that JF(IK;IK) = -B(IK), see jTSl Th. 1.1.2]. If IK 
is a linear space. Theorem 15.51 turns into j481 Th. IV.2.2]. 

Remark 5.5. It should be noted that Theorem 15.51 is the pure uniqueness result. It does 
not assert that a positive definite function on IK is the Laplace transform of a certain 
random element, i. e. an analogue of the Bochner theorem may not hold, see |1]. 
Example 5.6. For the cone (M+, V), the collection of indicator functions l[o,a] with a > 0 
may be taken as a separating family IK. Then x(a;„) —>• x(a;) if and only ii Xn ] x as 
n —^ cx), i. e. the corresponding weakly-open sets in R_|_ are (a, h\ with a < b. They 
generate the same a-algebra as the metric Borel cx-algebra i3(M+), so that Theorem 15.51 
applies. The Laplace transform of ^ is its cumulative distribution function P{,^ < a}, 
a > 0. 

A SaS random element in IK is necessarily infinitely divisible. The Laplace trans¬ 
form of is a positive definite infinitely divisible function of X; be. is a 

positive definite function of x £ KI for every n > 1. The results on infinitely divisible 
functions in semigroups 0 Th. 3.2.2, Prop. 4.3.1] imply that 

E x(0 = exp{-v7(x)} , X e K, (5.2) 

where (p is a negative definite complex-valued function on IK with Re (p G [0, cxo] and 
(p(l) = 0. We call If the Laplace exponent of The dominated convergence theorem 
implies that f{x) is continuous with respect to pointwise convergence in IK. 

Definition 5.7. A random element ^ is idempotent if ^ coincides in distribution with 
the sum of its two i. i. d. copies, i. e. .^ = .^i -|- ^ 2 -, see m p- 41]. 

It is easy to see from the definition that ^ is idempotent if and only if its Laplace 
transform assumes only values 0 and 1. The deterministic ^ being equal to an idempotent 
element of IK clearly has an idempotent distribution. It is also the case if ^ is distributed 
according to a finite Haar measure on any subgroup of IK. In a sense, an idempotent 
random element is SaS with a = oo. The following two useful results show that in some 
cases non-trivial SaS random elements with a finite a cannot be idempotent. 
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Lemma 5.8. Assume that K is a normed cone. If ^ is an idempotent SaS random 
element with a finite a and a. s. finite norm, then ^ = 0 a. s. 

Proof. If f is idempotent and stable, then (ll.l|l implies that f so that ||^|| = 0 

a. s. Note that ^ = e a. s. with e 7 ^ 0 is impossible, since ||e|| = cx) if e 7 ^ 0. □ 

Lemma 5.9. Assume that IK possesses a strictly separating family IK of characters with 
values in [0,1]. Then each idempotent SaS random element f with a ^ 00 is necessarily 
a deterministic idempotent element in IK. 

Proof. Assume that the support of f contains at least two distinct points and consider 
a character x that strictly separates their neighbourhoods. Then E x(0 is distinct from 
0 and 1, which is impossible for an idempotent f. Hence f is deterministic. □ 

5.3 Characterisation of Laplace transforms for SaS elements 

It should be noted that many semigroups do not possess any non-trivial continuous 
character. For example, the only continuous character in (M+, V) is the one identically 
equal to 1, while non-trivial characters l[o,p and l[o,t] are only semicontinuous. The 
following assumption imposes a weaker form of the continuity property on the characters. 
For this, note that any character x ^ can be decomposed as the product 

X = XY (5.3) 

of the [0, l]-valued character y' (the modulus of x) and the T-valued character y" (cor¬ 
responding to the exponent of the argument of x)- 

(C) There exists a cone of characters IK such that every x ^ IK has semicontinuous 
modulus and continuous argument and K possesses a strictly separating countable 
sub-family. 

By Remark l5.4[ if (C) is satished, then Theorem ih.di holds. i. e. the Laplace transform 
on K uniquely determines the distribution of a K-valued random element. Two particular 
important cases are 

• IK is a separating cone of continuous D-valued characters. Then it is automati¬ 
cally strictly separating and also has a countable separating sub-family, see EHl 
Th. 1.1.2]. 

• IK is a countable strictly separating cone of [0, l]-valued semicontinuous characters. 

Probability distributions in a topological linear space with a separating family of con¬ 
tinuous characters have been studied in [7j. 

A non-degenerate random element ^ in a cone may have a self-similar distribution, 
i. e. sf may coincide in distribution with ^ for some (or even all) s > 0. For instance, this 
is the case if IK is the cone of closed sets in R+ and f is the set of zeros of the Wiener 
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process. However, this is clearly impossible if the norm of ^ is a. s. hnite, since then 
the non-negative hnite random variable ||.^|| would coincide in distribution with s||.^|| for 
s 7 ^ 1. The following result is applicable without assuming that the norm of ^ is hnite 
and even without assuming that K is a normed cone. Its proof follows the scheme used 
in IHBl Th. 4.1.12]. 

Theorem 5.10. Assume that Condition (C) holds. If ^ is a non-idempotent SaS 
random element in IK such that, for some s > 0, 

E = E x'(0 , E = E x"(0 (5.4) 

for all X = ^ then s = 1. 

Proof. The non-idempotency condition implies that a is hnite. Assume that (15.411 holds 
for s > 1. The case s < 1 is the same, since it is just a reformulation of Q for sox. 
The SaS condition (HH) immediately implies that ■Ci + ''' + ■Cn = for some a„ > 0 
and all n > 1. Writing in powers of s with 5n G [1, s) we obtain that 

X(6)---X(^n) = 

By taking the absolute values we deduce that xX'Ci)'' 'X'i^n) coincides in distribution 
with Now (15.4|) applied to 6n o xf implies that 

(Ex'(0)" = Ex'(U), n>l, 

and the similar identity holds for x"■ 

Without loss of generality assume that —>• 5 as n —>• cxo, otherwise, consider a 

convergent subsequence. Assume that y' is lower semicontinuous. If Ey'(,^) < 1, then 

Ey'(<50 < liminfEy'(U) = liminf(Ey'(0)" = 0 . (5.5) 

n^oo n—>-co 

If Ey'(5,^) < 1, then the strict separation condition implies that Ey'(5„,^) < 1 for 
sufficiently large n. Hence Ey'(,^) < 1, and the above argument yields that E x'(50 = 0. 
Thus, Ey'((5,^) assumes only the values 0 or 1. 

If x' is upper semicontinuous, a similar argument applies to E = (E x'iOY^"'- 

Then 

Ey ((W^O > limsupEy'((5“^0 = liuisup(E y'(0)^/” • 

n^oo n^oo 

If Ey'(,^) > 0, then Ey'((5“^,^) = 1. Furthermore, if E y'((5“^,^) > 0, then Ey'((5“^,^) > 0 
for sufficiently large n, whence Ey'(,^) > 0 and consequently Ey'(5“^,^) = 1. 

Now consider the character y". By continuity, Ey"((5„^) —Ey"(5^). Thus taking 
limit in (Ey"(5„^))^ = Ey"(52nO) obtain that Ey"(5^) is either 0 or 1. 

If Ey'(0 = 0, then y'(0 = 0 a.s., so that y(0 = 0 a.s. and Ey(0 = 0. If 
Ey'(^) = 1, then y'(0 = 1 a.s., so that Ey(^) = Ey"(^), which is either zero or 
one also in this case. Thus, Ey(^) assumes only values 0 or 1 contradicting the non- 
idempotency assumption. □ 
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Corollary 5.11. Assume that (C) holds. If a non-idempotent random element ^ satis¬ 
fies ^ for some s > 0, then s = 1. 

Definition 5.12. A K-valued random element is said to be non-trivial if P{.^ = e} < 1. 
A non-trivial K-valned random element ^ is said to be proper if its Laplace transform 
does not vanish for any y from the separating cone K. 

If the characters from K take valnes from (0,1], then all non-trivial random elements 
are proper. If ^ has an idempotent factor, i. e. ^ can be represented as a snm of an 
idempotent (not identically eqnal to e) random element and another (possibly deter¬ 
ministic) random element, then ^ is not proper. The inverse implication holds for K 
being a locally compact gronp, where proper random elements can be characterised as 
those which do not possess idempotent factors, see [221 Th. IV.4.2]. In the stndies of 
random sets |;fdl Sec. 4.1.2] a vanishing Laplace transform corresponds to the random 
set with hxed points, see Example 18.91 Below we snmmarise a few immediate properties 
of proper elements. 

Lemma 5.13. Assume that conditions of Theorem 15.31 are satisfied. 

(i) A proper random element ^ shares the same distribution with ^ -h c for a deter¬ 
ministic c if and only if c = e. 

(a) A proper SaS random element ^ satisfies ^ ^ 0 a. s. in case e ^ 0. 

(Hi) If ^ and rj are two independent elements such that is proper, then both ^ and 
7] are proper. If, additionally, ^ and ^ rj are SaS, then rj is SaS. 

Proof, (i) It snffices to note that Ey(,^) = (Ey(^))y(c), so that y(c) = 1 for all y. 

(a) By the separation property, e and 0 are separated by a certain character y G K. 
Since both 0 and e are idempotent and y(e) = 1, we necessarily have y(0) = 0. Then 
5 = P{e = 0 } < P{y(aO = 0} for all a > 0. The stability property implies that 

xian^i) ■ ■ ■ xian^n) = xiO 

for certain a„ > 0 and each n > 1. Then y(,^) = 0 when at least one of y(a„.^i),..., y(a„(^n) 
vanishes. Since this happens with probability at least 5 > 0 for each of these indepen¬ 
dent factors and every n > 1, y(.^) = 0 with probability 1, so that the Laplace transform 
of ^ vanishes, i. e. ^ is not proper. 

(Hi) Since Ey(,^ + h) = Ey(,^) Ey(? 7 ), both ^ and rj are proper. Furthermore, 

E(c o y)(^) = Ey(c^) implies that any proper element multiplied by a constant is also 
proper. The dehnition of stability of ^ p implies that 

Ey(a'/“ei + Ey(a'/% + = Ey((a + Ey((a + by/^p). 

After cancelling the non-zero equal terms related to S'® S' element we get that 

E y(a^/“r 7 i + b^/<^p 2 ) = E y((a + by/'^p) 

for all y which, in view of Theorem 15.31 is equivalent to the fact that p is SaS. □ 
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Corollary 5.14. Let ^ be a proper SaS with representation in a normed cone K. 
Assume that the conditions of Theorem 15. J are satisfied. 

(i) Then z is not an idempotent element of K unless z = e. In particular, z ^ 0 in 
case 0 7 ^ e. 

(a) If, in addition, the norm is sub-invariant and 0 < a < 1, then z = e. 

Proof, (i). Since x(z) = 0 or 1 for any idempotent element, then z + ^ is proper if and 
only if x(z) = 1 for all y. Then z = ehy the separation condition. 

(a). By Lemma Hi.ldK iii). ^ G IK(q!), but ]K(a) = {e} according to Lemma IT71 □ 

The following result is the key characterisation theorem for Laplace transforms of 
proper SaS random elements. It also establishes the equivalence of the SaS property 
dm) and its “discrete” variant (|5.6|) . 

Theorem 5.15. Let f he a proper random element in IK. Assume that (C) holds. Then 
the following conditions are equivalent. 

(i) For every n>2 there exists a positive constant 7 ^ 1 such that 

+ ■ • ■ + ; ( 5 - 6 ) 

where ^i,..., are i. i. d. copies of f. 

(a) f is SaS with finite a. 

(Hi) The Laplace transform off is given by (15.21) . where ip satisfies 

ip{s o x) = s^ifix) (5.7) 

for all s > 0. 

Proof. Note that (ii) immediately implies (i) and (Hi) implies (ii) by Theorem 15.51 and 

(IS21). 

It remains to prove that (i) implies (Hi). First, (i) implies that f is not idempotent. 
Furthermore, dEni) yields that n ^(p(anox) = p(x)- Dehne a(s) = an/am for s = n/m. It 
is easy to see that a{s) does not depend on the representation of its rational argument s, 

s-^(p{a{s) ox) = (fix) (5.8) 

and </ 9 (a(s)a(si)oy) = 99 ( 0 ( 551 )oy). Bv Theorem 15.101 a( 55 i) = 0 ( 5 ) 0 ( 51 ) for all rational 
5 , 5i > 0. To prove that 0 ( 5 ) = 5 ^/“ for some a > 0, it is now sufficient to show that 
0 ( 5 ) is continuous on the set of positive rational numbers. 

Let y = x'x" [0, l]-valued character y' and T-valued character y". Since y' 

and y" are characters themselves, dEHI) holds for x' and y" separately. Thus, if 5„ is 
a sequence of rational numbers that converges to 1, then Ey'(o(5„)^) —Ey'(^) and 
Ey"(a(5,,)0^Ey"(0. 



Assume that a(s„) has a hnite positive limit a. Since x" is continuous, E X"{a0 = 
limEx"(a(s„).^) = Ex"(,^) by the dominated convergence. If x' is lower semicontinuous, 
then by Fatou’s lemma, 

Ex'(aO < liminf Ex'(a(s„)0 = Ex'(0 • 

Furthermore, (El) written for a(s„) ^ yields that 

Ex'(a-'0 < liminf Ex'(a(s„)-iO = Ex'(0 • 

This also holds for a o x', leading to Ex'(0 < Ex'(aO- Hence Ex'(aO = Ex'(,^), i. e. 
(El holds, so that a = 1 by Theorem 15.101 Similar arguments apply if x' is an upper 
semicontinuous characters. 

To hnish the proof it suffices to consider either the case of a(s„) —> 0 or a(s„) —*• oo. 
het Ojrn ^ 1 in ()5.6|) for some m > 1. Assume that a(s„) — >■ 0 as n —>■ oo. Then, 
for any n > 1, a{sn) = where 6n E [l,am) and k{n) — >• oo. Note that 

= a^k{n). Hence 


iflm) ^ n('Sn)C^l T ' ' ' T Oj(^Sn)^^k(n) . 


Therefore, 

E x(U) = (E x{a{sn)0r''"' = (E , (5-9) 

where y stands for y' or y". Taking if necessary a convergent subsequence, assume that 
6n ^ 6 as n ^ oo. Assume that y' is lower semicontinuous. If Ey'(5^) < 1 , then the 
strict separation condition implies that Ey'(5„^) < 1 for sufficiently large n. By (j5.9|l . 
Ey'(^) < 1, which, in turn, implies that Ey'(5„^) —>■ 0. By Fatou’s lemma, 

Ey'(5O<liniinfEy'(U) = 0. 

Thus, Ey'((5^) = 0 is either zero or one. For y", (j5.9|l implies that Ey"((5^) is either 
zero or one. Similarly to the argument used in the proof of Theorem 15.101 we conclude 
that 6^ is idempotent, whence ^ is idempotent too and so cannot be proper. 

If Om < 1 for all m > 1 , then the assumption a(sn) —>■ oo leads to a contradiction in 
the same manner. Therefore, a{sn) —>■ 1 as —*• 1, whence a{s) is continuous on the 
rational numbers. Thus a{s) = s^^°‘ for all s > 0 and EZD follows. □ 

Remark 5.16. In general, (El either holds with a„ = 1 for all n (meaning that ^ is 
idempotent) or 7 ^ 1 for all n > 2. Indeed, if = 1 for some n > 2, then a 2 n-i = 1, 
and further 02 = 1 implying that = 1 for all n. 

Theorem 15 .1 51 can also be extended to any non-idempotent in which case the both 
sides of El are allowed to be inhnite. From now on, we mainly consider proper random 
elements. 
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5.4 Possible values of a for SaS distributions 

In the sequel we make use of the following condition: 

(E) IK is a pointed cone such that x(^^) 1 for all x £ K and x G K', where s | 0 if 

e = 0 or s —> cxo if e 7 ^ 0. 

Condition (E) means that sx K-weakly converges to e for all x G K'. It clearly holds 
if 0 = e and the characters are continuous. Conversely, if (E) holds and IK is a group, 
then Vn y implies yn - y ^ e, so that x{yn)x{-y) = x{yn)x~^iy) ^ 1- Thus all 
characters are continuous, so that (C) automatically holds given that the characters form 
a separating family. Condition (E) has a further implication on the characterisation of 
proper random elements in K. 

Lemma 5.17. If Condition (E) holds, then every SaS random element in IK' necessarily 
has a proper distribution. 

Proof. Depending on the sign of a and whether ||e|| = 0 or ||e|| = oo, dehne rjn = 
or rjn = so that ||? 7 „|| —*• ||e|| a. s. Let Ex(0 = 0- The stability property implies 

that Exidn) = 0. Now the dominated convergence theorem leads to a contradiction 
with the fact that Ex{hn) Ex(e) = 1 . □ 

The following important result shows that the relationship between the origin and 
the neutral element has a crucial influence on the range of possible values of the stability 
parameter a. 

Theorem 5.18. Assume that (C) and (E) hold. Then, for every proper SaS random 
element its characteristic exponent a is positive if and only if e = 0. 

Proof. Assume that e = 0. Then sx converges to e as s | 0. Since (s o x)(x) = x(sa;), 
(E) ensures that s o x —> 1 pointwise. The continuity of the Laplace exponent (p implies 
that the left-hand side of (EID converges to piX) = 0, so that s“ —>• 0 as s —> 0. Thus 
a > 0. 

Assume that e 7 ^ 0. By (E), xi^X —*• 1 as s —*• cxo for all a; 7 ^ 0. Lemma Ih.ldf ii) 
implies that ^ 7 ^ 0 a. s. Thus, Ex(-s^) —^ 1, whence the right-hand side of ()5.7j) converges 
to zero as s — > cx), so that a < 0. □ 

Theorem 15.1 81 does not hold without assuming that ^ is proper, see Example 18. hi 
Neither it holds without assuming that IK is a pointed cone, see Example 18.221 By 
Lemma [5.171 it is possible to omit the requirement that ^ is proper from Theorem 15.181 
if ^ belongs to K' almost surely. 

Since the function p from (|E2D is negative definite, the properties of negative definite 
functions together with Theorem 15.1 51 yield the following result. 

Theorem 5.19. Assume that (C) and the second distributivity law 112. 51) hold. Then 
(i) every proper SaS random element ^ has parameter a <2; 
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(u) if the involution is identical, then a < 1. 

If, in addition, (E) holds, then a > 0 in (i) and (ii). 

Proof, (i) It follows from Prop. 4.3.3] that 

\/\p{XiX2)\ < \/\p{Xi)\ + \/\p{X2 )\• 

By letting Xi = X 2 = X) we see that 

|^(x^)|<4|(p(x)|. 

The left-hand side is equal to |(p(2 o y)| by ()2.5|1 . so that Q implies that 2" < 4. 

(ii) Since (p is negative dehnite, +^{X 2 ) —p{xiX 2 ) is a positive dehnite kernel, 

see jSl Prop. 4.1.9]. In particular, its value is non-negative if Xi = X 2 = X) whence 
¥^(2 ox) =< 2(p(x), i-e. a < 1. 

Finally, note that Lemma f2.3l implies that e = 0, thus a > 0 by Theorem 15.181 given 
that (E) holds. □ 

If the second distributivity (Eni) does not hold, then a may have various ranges of 
possible values. For instance, in (R+, V) any a > 0 and for ([0, cxo], min) any a < 0 are 
possible, see Example 13.71 The following example shows that it is possible to dehne a 
cone where SaS laws exist with any a from a given interval (0,/9) or (—/?, 0). 

Example 5.20. Consider the cone M+ with the addition operation given by -|- 
with /3 > 0 and the conventional multiplication by positive numbers. Then x-\-x = 2^/^x 
for all X G K, so that a similar argument to Theorem 15.191 implies that the stability 
paparemetr is at most 2//3. If ^ is SaS in M_|_ with the conventional addition and 
a G (0,1), then r] = is stable with parameter afd in the newly dehned cone. The 
case (3 = 00 corresponds to the maximum operation in R_|_, where the characteristic 
exponent a takes any value from (0, cx)). The same construction with /? < 0 gives a cone 
with negative range of a, c. f. Example 18.171 

In general, the range of possible parameters of stable laws may be used as a charac¬ 
teristic of a cone that, in a sense, assesses the extent by which the second distributivity 
law (EH) is violated. 

The following results about possible values of a rely entirely on the properties of the 
norm if IK is a normed cone. It does not refer to the characters on K. 

Lemma 5.21. Let K be a normed cone such that 

+ y\\ > ll^^ll (5.10) 

for all X, 1 / G K. Then every SaS law in K' has a > 0. 

Proof. It follows from EH) and (ICTID that 2^/"||^|| is stochastically greater than ]|^||, 
i. e. the cumulative distribution function of the hrst is not greater than of the second 
one. If a < 0, this is only possible if ||^|| vanishes or is inhnite, while both these cases 
are excluded by requiring that f is K'-valued. □ 
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Note that ()5.10|) holds in such cones like the positive half-line with the sum or 
maximum operation, where the addition always increases the norm. It is interesting 
to note that a cone with e 7 ^ 0 that satishes ()5.1()|1 . (C) and (E) does not possess any 
non-trivial proper SaS random element. Indeed Theorem 15.181 implies that a < 0. For 
instance, this is the case for the cone of compact sets with the union operation, see 
Example 18.91 

Lemma 5.22. If IK has a sub-invariant norm, then the range of possible values of the 
characteristic exponent a includes ( 0 , 1 ). 

Proof. It suffices to refer to Theorem Id. til which provides an explicit construction of SaS 
random elements with a G (0,1) by the LePage series. □ 

6 Integral representations of stable laws 

6.1 Integral representations of negative definite functions 

The theory of integral representations of negative definite functions O Ch. 4] makes it 
possible to gain further insight into the structure of the function (p from Q, i. e. the 
Laplace exponent of a SaS random element f. The random element is always assumed 
to be proper in this section, so that the corresponding Laplace exponent is finite. Let us 
first introduce several important ingredients of these integral representations specified 
for the cone IK of characters with its dual IK** introduced in Section o 
A Levy measure is a Radon measure on IK** \ {1} such that 




(1 - Rep(x)) A(c/p) < cx) 


( 6 . 1 ) 


for all X G IK. Here 1 is the neutral element in K**, i. e. the character identically equal 
to 1. A function £ : IK 1 —> M is said to be ^-additive if 


^(XiX 2 ) = f{Xi) + ^{X 2 ) and l{x) = -^(x) 


( 6 . 2 ) 


for all xi, X 2 , X £ IKI (recall that the involution of a character is its complex conjugate). 
The function x is thus a character on K, i. e. an element of K**. A function 

g : K I— M is called a quadratic form if 


2g(xi) + 2 g(x 2 ) = g(xiX 2 ) + q{XiX 2 ) 


(6.3) 


for all Xi)X 2 G IK. A real-valued function L(x, p) defined on IK x K** is called the Levy 
function if L is x-additive with respect to x for each p, Borel measurable with respect 
to p for each x, and 




11 - p{x) + *^(x, p) I Kdp) < 00 


(6.4) 
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for each Levy measure A. It is shown in jHj that a Levy function exists, can be chosen 
to be continuous with respect to its second argument and to satisfy L{x,p) = —L(x,p), 
see also [3 Th. 3.1]. We £x a certain Levy function constructed according to [B] for the 
semigroup K. 

If the Laplace exponent (p from (15.2|) is hnite (i. e. ^ is proper), it can be represented 
as 

pix) = i^ix) + q{x)+ [ (1-p(x)+ *^(x,p)) A(dp), xeK, (6.5) 

for a unique triple {£, q, A) of a T*r-additive function, non-negative quadratic form and the 
Levy measure, see [HI Th. 4.3.19]. Note that (p(l) = 0. If K is a group, the quadratic 
form q corresponds to the Gaussian component of fy see isni Sec. IV.6]. Following this 
terminology, we say that ^ does not have a Gaussian component if q in ()6.5|) vanishes. 
Note that the elements of the integral representation may depend on the choice of K. 
The family K is supposed to be hxed in the sequel. 

If the involution is identical, then p takes real values, the Levy function and £ vanish, 
so that (|6.5|) turns into 


p{x) = (l{x)+[ (1-P(x)) A(dp), (6.6) 


where dSH for g : K I— >■ M+ turns into 

q{XiX2) = q{Xi) + (l{X2) (6.7) 

for all XiyX 2 £ IK, see [21 Th. 4.3.20]. In this case q is also called a quadratic form. 
Furthermore, is a character from Kb If it is possible to associate this character 

with a certain z G IK using the evaluation map, i. e. if = x{^) X ^ IK, then 

the Gaussian component corresponds to the deterministic point z. 

6.2 Levy measures of SaS laws 

Represent at ions and (16.6|) hold for every inhnitely divisible random element ^ with 
hnite Laplace exponent. The SaS property of ^ can be used to characterise the elements 
of the triplet (£, g. A). For this, uplift the multiplication by numbers to K** from K by 
setting 

(a°p)(x) =p(a°x), a>0. 

Theorem 6.1. Assume that Condition (C) holds. If p is the Laplace exponent of a 
proper SaS random element fy then the corresponding Levy measure is homogeneous 
on IK**, i. e. 

A(soR) = s-"A(R), s>0, (6.8) 

for each Borel set B in K** and A has infinite total mass. 
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Proof. Let /it be the distribution of It follows from Theorem I5.15lf /h) that the 

Laplace transform of /it is given by so that {/it, t > 0} is the convolution 

semigroup associated with ip. By Lemma 4.3.12], the Levy measure A is the vague 
limit as t { 0 of the images of f“^/it under the evaluation map i. Since t~^pt{,sA) = 
s-“r-i/ir(y4) with t = s°‘r, the corresponding vague limit A satishes (|ti.8|l . 

By taking B with X{B) > 0 and letting s —> cxo in (lti.8|) in case a < 0 and s { 0 in 
case a > 0, it follows that A has inhnite total mass. □ 

Since the left-hand side of (iniHi) can be written as (s ^ o A)(i?), we say that A has 
the homogeneity order a. The following result provides an upper bound for the possible 
homogeneity order of the Levy measure and thereupon can complement Theorem 15.191 
even without using the second distributivity law. It relies instead on the local behaviour 
of characters near the neutral element. 


Theorem 6.2. Assume that Condition (C) holds. For some /3 > 0, aii y G K and all 
p e IK** \ {1} dehne 

g{x, p) = liminf ^ 

Assume that for all p ^ 1 there exists y G IK such that g{x^ p) > 0. Then the Levy- 
measure X of a proper SaS random element ^ has the homogeneity order -which is strictly 
less than f3. 

If lid.,91) holds for t —>■ cx) and /? < 0, then the same condition on g implies that the 
order of homogeneity is strictly greater than (3. 

Proof. If the homogeneity order is a, then for all sufficiently small t > 0, 




(1 - Rep(y))A(dp) = 






> 




(l-Re(top)(y))A(todp) 

gix, p)t^~‘"X{dp). 


Since, by Theorem 16.IL A has inhnite total mass, the obtained expression converges to 
inhnity as t { 0 if a > /3 contrary to (EH) unless A is supported by {p : giX) p) = 0} 
for all y. The latter is, however, impossible in view of the condition on g. The second 
statement is proved similarly. □ 


Dehne a measure A on B{K.) as the inverse image under the natural map of A re¬ 
stricted onto z(]K). The measure A is homogeneous on IK with the same order as A. 
Although it is generally impossible to examine (inini) for all characters p from the second 
dual semigroup, it is possible to assess the homogeneity order of A by applying ()6.9p to 
p = Pa; for X G IK. If 


q(y, x) = liminf 

^ ' t[0 


1 — Re y(fx) 
¥ 


> 0 , 
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for all a; 7 ^ e and some x ^ then the homogeneity order of A is less than [3, i. e. the 
maximal homogeneity order corresponds to the order of decrease of 1 — Re x(ta;) as f J. 0. 

Corollary 6.3. If (C) and the second distributivity law (12.511 hold, then the order of 
homogeneity of the Levy measure of a proper SaS random element is strictly less than 
2. If also the involution is identical, then the order of homogeneity is strictly less than 1. 

Proof. If the second distribntivity law holds, then 

{n~^ o p){x) = p{n-^ ox) = ■ 


The ineqnality 

^(1 - Re (p(x)V) < ^(1 - Rep(x)) (6.10) 

from |ni p. 109] implies that 

n^(l - Re(n"^ op)(x)) > A(i _ Rep(x)) . 

vr^ 

Then Theorem o is applicable with (3 = 2 and g{Xy p) ^ 1 ~ Re p(x). 

Another ineqnality from [HI p. 109] reads that 

-(1 - |p(A)r'') < 1 - Rep(xx). 

n 

If the involntion is identical, then 

n(l - (n"^ op)(x)) > 1 - |p(x)| , 

whence the homogeneity order for the Levy measnre is strictly less than 1. □ 

By combining Corollary 16.31 with Theorem l5.19K i) and the continnity property of (p, 
we arrive at the following resnlt. 

Corollary 6.4. If (C) and the second distributivity law fl2.5jl hold, then every proper 
SaS random element with a = 2 has the Laplace exponent given by 

pix) = i^ix) + qix): xeK, 

where i is a -k-additive continuous function and q is a continuous non-negative quadratic 
form on K. 

If the involution is identical, then every proper SaS random element with a = 1 has 
the Laplace exponent p(x) = lix) being continuous non-negative linear functional of y. 

Withont the second distributivity law, the value a = 2 does not necessarily corre¬ 
spond to the Gaussian component, e. g., in (R+, V). 
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6.3 Quadratic form and Levy function 

It remains to explore implications of the stability of ^ on the further ingredients of (p3jl . 
namely the quadratic form q, the Levy function and the function i. The following result 
describes some cases when ^ does not possess a Gaussian component. 

Theorem 6.5. Assume that Condition (C) and the second distributivity law dZi) hold. 
Let q be the quadratic form in the integral representation (Id. 51) of a proper SaS random 
element. 

(i) q vanishes unless a = 1 or a = 2. If K is a group, then q vanishes if a ^ 2. If 
a = 1, then q{x) = q{x) for all x and q satishes ild. 71) . 

(a) If the involution is identical, then q from representation (Id. 61) vanishes unless a = 1 . 

Proof, (i) The ^-additivity of L{-,p) implies that L{x^,p) = 2L{x,p)- By the second 
distributivity la w 2 o x = so that p{x^) = p^{x) = (2 o p)(x). 

By Theorem 15.151 p>{xi^) = (p{2 o x) = 2°‘(p{x), hence it is also hnite. Furthermore, 

+ q{x^) + [ (1 - Pix^) + ^L{X^ P)) Kdp) 

dKtt\{l} 

= 2ie{x) + q{x^)+ [ {1 - {2o p){x)+ 2L{x,p))X{dp) , (6.11) 

dKtt\{l} 

while, by Theorem 16.11 

2 V(x) = 2^ti{x) + 2“g(x) + [ (1 - p'ix) + ^L{x, p')) A(2-i o dp') 

dKtt\{l} 

= 2“i£(x) + 2"g(x) + / (1 - (2 o p)(x) + 7L(x, 2 o p))A(dp). (6.12) 

dKtt\{l} 

Equating the right-hand sides of (I6.11|l and (I6.12j) . we arrive at 

2^tl{x) + 2“g(x) = 2i{f{x) - kx)) + q{x ^), (6.13) 


where the integral 

hx) = ^ [ (Hx, 2 o p) - 2L{x, p))A(dp) 

is hnite and may be regarded as a real-valued ^-additive function on K. 

By comparing the coefficients of the real parts in dnm, we see that 

q{x^) = 2"g(x). (6.14) 

Next, ()6.3j) applied to a real-valued character y, yields that 2q{x) = q{x^)- Since 07 ^!, 
we have q{x) = 0 for every real-valued character y. Since yy is a real-valued character. 
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qixx) = 0. Now applied to xi = X 2 = X for ^ (riot necessarily real-valued character) 
X yields that 4g(x) = q{}d) = 2“g(x)- Since a ^ 2, q vanishes identically. 

If K is a group, then putting xi = X 2 = X fo (ESD and noticing that x = X we 
obtain that q vanishes unless a = 2. 

Assume that a = 1. By applying (insi) to Xi = X 2 = X ^rid using (I(i.l4|l we obtain 
that q{xx) = 2g(x)- Then 


2g(xi) + 2g(x2) = ^(2g(xiXi) + 2g(x2X2)) 

= ^(g(xixTX2^) + g(xixrx^)) 

= ?(xixrx2X2) 

= 2g(xiX2)• 


Combining this with yields that q{x) = q{x)- 

(a) By Theorem 15.1 bh h). a < 1. If a < 1, then by |H1 Th. 4.3.20], 

= ito hr!) = ito ftiX. = ii„, = 0. 


n—>00 77, 


n^oc 


n 


noticing that (p{x) is finite. □ 

The following result concerns idempotent semigroups, where the second distributivity 
law never holds. 


Lemma 6.6. If IK is an idempotent semigroup, then q in il6'.6p vanishes identically. 

Proof. The idempotency of K implies that all characters take values 0 or 1. Thus, K is 
also an idempotent semigroup. By (16.7j] . g(x) = qix^) = ‘2q{x), whence q vanishes. □ 

In a number of cases the Levy function vanishes or may be set to zero. Particular 
important instances of this are mentioned in the following theorem. 

Theorem 6.7. Assume that at least one of the following conditions holds. 

(i) The involution is identical. 

(a) For all X ^ ^ 

[ (1-p(x)) A(dp) < 00 . (6.15) 

Then the Laplace exponent of any proper SaS random element ^ is given by 

Fix) = + q{x) + [ (1 - p(x)) A(dp), xeK, (6.16) 

Jk»\{i} 

for a -k-additive function i and a quadratic form q. If (C) and the second distributivity 
law (EH) hold, then I vanishes unless a = 1. 
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Proof. If the involution is identical, then the Levy function vanishes. If (jfi.l holds, 
then 

/ L{x,p)Kdp) 

JKi\{i} 

is a hnite T*r-additive functional of x, so that it can be combined with i{x) from (Ib.bj) . 

By Theorem Ib.lL the integral in (Ib.lbl) is homogeneous of order a. By the homo¬ 
geneity and ()2.5|1 . p{x^) = ip{2 o x) = so that 2£(x) = 2"f'(x). Thus, I vanishes 

unless a = 1. □ 


6.4 Symmetric random elements 

Definition 6.8. A K-valued random element is called symmetric if ^ coincides in dis¬ 
tribution with its involution 

In case of the identical involution all random elements can be regarded as being 
symmetric. More generally, a symmetric element ^ can be obtained as -|- ^2 for i. i. d. 
random elements ^1 and ^ 2 - This construction is a generalisation of the symmetrisation 
procedure for random elements in Banach spaces. By applying the involution to the 
both sides of (EH) it is clear that if ^ is SaS then also is. 

The principal value of an integral over K** \ {1} is dehned as the limit of the integrals 
over a sequence {iv} of symmetric sets as I K** \ {!}. The symmetry of F C K** 
is understood with respect to the involution on IK**, i.e. with respect to the complex 
conjugation. 

Corollary 6.9. If (C) holds, then the Laplace exponent of every symmetric proper SaS 
random element is given by 

p{x) = q{x)+[ (1-p(x)) A(dp), xeK, (6.17) 

Jk»\{i} 

where X is a symmetric homogeneous measure on K**, q is a non-negative quadratic form, 
and the principal value of the integral converges. 

Proof. By repeating the argument from the proof of Theorem 16.11 it is easy to see that 
A is symmetric with respect to the complex conjugate operation being the involution 
on K**. 

The integral in ()6.5|) converges and so does its principal value as the limit of the 
integrals over as F„ | K** \ {1}. The symmetry property of and A implies that 

[ L{x,p)Kdp)= f L{x,p)X{dp) = -f L{x,p)X{dp), 

J Fn V Fn V Fn 

whence 

[ L{x,p)Kdp) = 0 

as the principal value. Note that Ex(^*) = Ex(0- Since the integral of the Levy 
function vanishes and p{x) = we obtain that f'(x) = 0 in (I6.16j) . □ 
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Consider now a Gaussian random element ^ in IK, i. e. assume that its Laplace trans¬ 
form is given by E x(0 = for x ^ IK. Note that in the absence of the second 

distributivity law a Gaussian random element is not necessarily stable. 

Theorem 6.10. Assume that (C) holds. is a Gaussian element, then ^ is symmetric, 
x(0 Is deterministic for every real-valued character y and is deterministic. In 

particular, ^ is deterministic if the involution is identical. 

Every character y with values in the unit complex circle T is representable as y{x) = 
e*“(^) with an additive real-valued function u such that u{^) has a normal distribution. 

Proof. By applying (insD to xi = 1 ) we see that q{y2) = <?(X 2 ), i-e. q is involution 
symmetric. This immediately leads to the conclusion that Ex(^) = Ex(^) = Ex(^*), 
so that Theorem 15.dl yields that f = f*. 

It is easy to see that if at least one of yi, y 2 is real-valued in dniSI), then g(xiX 2 ) = 
g(Xi) -|- g(x 2 )- Therefore, if y is a real-valued character, then 

Ex'(0 = = (Ex(0)^ 

Thus varx(,^) = 0, hence x(0 is deterministic for every real-valued y. If the involution 
is identical, the strict separation condition implies that f itself is deterministic. 

Decompose now a general y G IK as the product y'y" of a real-valued character and 
a T-valued character. Since y"y" = 1, 

Ey(e + r) = E(y'(0)'. 

But (y')^ is a real-valued character, hence, by the above, the last expression equals 

= x'{0x\e)x\0x\e) = + D • 

Thus, y(.^ -|- f*) is deterministic, so that the conclusion of the theorem follows from the 
separation condition. 

Let y be a T-valued character. By iterating Q, it is seen that q{y^) = n?q{x) for 
each n. Interpreting this identity in terms of the Laplace transform of f yields that 

Ey^(0 = (Ey(0r' 

for every positive rational number s. Using the representation of y, we have 

Ee-U«) = (Ey(0)^'. 

The symmetry property of f implies that Ey(,^) is a real number which does not exceed 
1, so that Ey(^) = for some a. Thus, meaning that u{f) is 

normally distributed with mean zero and variance a^. □ 

If the Gaussian element f from Theorem 16.101 is SaS, then deterministic is 

also SaS, hence an element of K(a). Also, f G IK(a) if the involution is identical. Note 
that a Gaussian random element may be SaS with arbitrary a, see Example 18.211 


39 





7 LePage series representation of SaS random ele¬ 
ments 

7.1 LePage series on the second dual semigroup 

In Section ESI we have shown that the LePage series (EU (or the integral J xlla{dx)) 
dehnes a SaS random element. It is natural to ask if any SaS random element admits 
such a representation as it is the case for stable distributions in Banach spaces, see EH 
Cor. 4.10]. We address this question by using the integral representations (10. 5 j) and (16.6|) 
for the Laplace exponent (p of a SaS random element. This idea is supported by the 
formula (EHl for the probability generating functional of a Poisson process, which is 
quite similar to (16.61) . The intensity measure of this Poisson process is the Levy measure 
A, so that this process lives on K** and therefore is denoted by 11**. 

We hrst characterise the weak convergence of ]K**-valued random elements. 

Lemma 7.1. A sequence of random elements in K** with its Bore! a-algebra i3(]K**) 
weakly converges to a random element .^** (notation ,^** j if and only if E a(x) - 

E,^**(x) for ail x from a separating semigroup K. 

Proof. Note that IK is a separating family of characters on K** acting as x{p) = p{x)- 
Furthermore, JF(]K**;]K) = i3(]K**), so that Theorem 15.31 is applicable. Each character 
X : IK** I— ^ D is continuous on K**, since x{Pn) = Pnix) pix) = x(p) if Pn converges to 
p point wise. 

The result now follows from the convergence of Laplace transforms E^^(x) together 
with the tightness condition that is clearly fulhlled because of the compactness of IK**, 
see EHI Th. IV.3.1]. □ 

We also write if weakly converges to the K**-vaIued random element 

i{f) being the evaluation image of G IK. For this, the condition JF(]K;K) = B(K) of 
Theorem 15.31 should hold in order to be able to treat t{f) as a ]K**-valued random element. 
Denote by Fa(]K**) the family of Borel sets F C IK** \ {1} such that 

^(1 - p(x))A(dp) < oo (7.1) 

for all X G IK. With every F, the family Fa(]K**) contains all its measurable subsets. If 
the involution is identical, then IK** \ {1} G Fa(IK**). 

If F G Fa (IK**), then the product 

4 = 11 '' 

p€-Fnsupp 

exists in K**, i. e. it weakly converges in the topology of pointwise convergence on K** 
meaning that 

^fokAx) = n Ax) 

p&FnK„nsuppTi'i 
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weakly converges to ^^(x) for every y G K as Kn j K** \ {1} with \{Kn) < oo. This is 
easily seen by observing that the probability generating fnnctional of IT** restricted onto 
F n Kn coincides with the expected valne of ^rid nsing Lemma 17.11 Note that 

^^Fr\K dehned becanse If** has only a hnite number of points in Kn- 

For any F G Fa( 1K**) dehne 

7f(x) = exp |-i +y L(x,p)A(dp)^ I , yGK. (7.2) 

Note that 


Theorem 7.2. Assume that Condition (C) holds. Let ^ be a proper K-valued SaS 
random element without Gaussian component. Then there exists a unique measure A on 
K** (which is then a homogeneous of order a Levy measure) such that, for the Poisson 
process 11^ with intensity measure A, one has 

for any sequence | K* \ {1} such that Fn G Fa(1K**) for all n. 

Proof. Let A be the Levy measure of f that stems from (16.5|) . Formula dSSl) for the 
probability generating functional applied to If** and the dehnition of imply that 


7F.(x)Ex(ej=7F.(x)E n '’W 

pGF„nsuppntt 

= exp <j - ( if{x) + / (1 - p{x) + iL{x, p)) Kdp) 


If FA I IK^ \ {!}, the right-hand side converges to the Laplace transform of a stable 
random element f without Gaussian component, see (j6.5|) . Finally, Lemma l7.ll shows 
that weakly converges to = ?(0- D 

In some cases (see, e. g.. Theorem EH) the Levy function vanishes or its contribution 
to the Laplace exponent may be subsumed in f, so that 7 f„(x) = If f vanishes, 

then the normalisation is not needed and 


An important instance of this concerns symmetric random elements. 


(7.3) 


Corollary 7.3. If (C) holds and f is a proper symmetric SaS random element without 
Gaussian component in a normed cone K, then there exists a unique measure A on K** 
(which is then necessarily symmetric and homogeneous of order a) such that 

e( n F (x)=Ex(0, xeK, (7.4) 

VpGsuppn# / 
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where H** is the Poisson process on K** with intensity measure A. The left-hand side of 
d is defined as the principal value, i.e. as the limit of as Fn t \ {!}, 

where {Fn, n>T} are involution symmetric sets. 

7.2 Support of the Levy measure 

Section o establishes that, under rather weak condition (C), each proper SaS random 
element admits the LePage representation on the second dual semigroup K**. The crucial 
further issue is to identify the elements of the second dual semigroup K** with elements 
of the original semigroup K. However, this is not feasible in general, since (jb.Sp involves 
integration over all characters on K, while it is seldom possible to describe all characters, 
even on the real line with the conventional addition. 

If IK is a locally compact group, then the integral in (16.5|) can be taken over all 
continuous characters on K, see jSSj- The celebrated Pontryagin reflexivity property of 
locally compact groups, see |181 Th. V.24.8] establishes that if K** is the family of all 
continuous characters on the family of continuous characters IK on a locally compact 
group K, then K and IK** are isomorphic. This means that the Levy measures of random 
elements with values in locally compact groups maybe thought of as being supported 
by IK. However, the duality theory for semigroups is much poorer, and the results are 
available only in some special cases. 

As noted in the proof of Theorem 16.11 the Levy measure A is the vague limit of the 
images of Ut = under the evaluation map ? : IK i—>■ K** as t —>■ oo. Although (the 
distribution of is supported by K, the vague limit of the z-images of ut may be 

supported by the whole K**. The following result establishes a condition under which the 
Levy measure A is supported by z(IK). In this case we say shortly that the Levy measure 
is supported by K and write A for the measure on K being the inverse image of A under 
the evaluation map. 

We begin with a result on hniteness of the Levy measure and related distributional 
properties of a SaS random elements. 

Lemma 7.4. Assume that Condition (C) is satisfied. Fix any set F C IK such that 

l^dWF)), (7.5) 

where the closure is taken in the topology of pointwise convergence in K**. If ^ is a proper 
K!-valued SaS random element, then its Levy measure is finite on cl(z(F)) and there 
exists a constant a > 0 such that 

hmsuptP{^ e = ar"" , r > 0 . (7.6) 

t^OO 

Proof. The expression under the limit in (Uni) is Ut{rF), where is dehned above. By 
simple change of variable argument, the limit itself is a homogeneous in r function, say, 
/(r), so that /(r) = r““/(l). The statement will be proved, if we show that /(I) = a is 
hnite. 
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The set cl(z(F)) is closed and does not contain 1, so that it is compact in K** \ {!}. 
Since the Levy measnre A is a Radon measnre jHl Lemma 4.3.12], it is hnite on compact 
sets, whence A(cl(z(F))) < cx). According to the same reference, A is the vagne limit of 
the images of vt nnder the natural map *, thus 

/(I) = limsup r't(R) < A(cl(*(F))) < oo. □ 

t^OO 

By Lemma 15.171 properness of ^ required in Lemma 17.41 can be guaranteed by im¬ 
posing Condition (E). Condition (I7.5|l holds, in particular, if t{F) is closed and e ^ F. 
The following lemma describes an important case, when z{F) is closed in Kb 

Lemma 7.5. Condition is equivalent to the fact that e does not belong to the 
K.-weak closure of F. In particular, if F is K-weak (sequentially) compact, then i{F) is 
closed in K** and iZ3) holds provided e ^ F. 

Proof. The hrst statement is evident, since Px„(x) —^ 1 for all y G K is equivalent 
to Xn —>■ e. Assume that pxSx) pix) for all y G K, where {xn} C F. By the 
compactness condition, Xn^. a; for a certain x E F. Thus, xi^nt) x{^)^ so that 
pix) = Xix) for all y. □ 

In the sequel we make use of the following condition: 

(S) The neutral element e does not belong to the K-weak closure of Ai. 

In other words. Condition (S) means that for any sequence {xn} from Ai there exists a 
character y such that y(x„) does not converge to 1 = y(e). 

Theorem 7.6. Assume that K is a normed cone with compact unit sphere § such that 
Conditions (C), (E) and (S) hold. Then the Levy measure of any proper SaS random 
element f is supported by K. 

Proof. Fix e: > 0 and r > 0. Let Utf denote the restriction of Ut onto A^. Note that 
G rC^’^Ai} = Ut{rAi), where rAi = if a > 0 and rAi = A^-i if a < 0. In view 
of Condition (S) and Lemma [7.51 Lemma (7.41 implies that the masses of all Utf, t >1, 
are totally bounded and there exists R> 0 such that UtiRAi) < e for all t large enough. 
Thus, {r'tf, t>l}isa tight family of measures. Using the diagonal procedure as in 
m Prop. 5.3.9] we come to the conclusion that there exists a measure A on K' such 
that weakly converges to A^ as R ^ oo for any r > 0. Thus, the Levy measure is 
supported by K, i. e. A = A o □ 

In some other cases where the unit sphere is not compact in K, the following result 
is useful. 

Theorem 7.7. Assume that (C) holds and *(K) is closed in the topology of pointwise 
convergence in Kb Then the Levy measure X of a proper SaS random element in K is 
supported by ?(K) and is the z-image of a homogeneous Borel measure A on K. 
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Proof. By the Tikhonov theorem, IK** equipped with the pointwise convergence is a com¬ 
pact space. By the condition, *(K) is closed hence compact and the vague convergence 
dehnition immediately implies that the limiting measure A in Theorem Id. II is supported 
by *(K). □ 

Corollary 7.8. Assume that IK is a normed cone such that is K-weak relatively 
compact and the following condition holds: 

(W) If a sequence {x^ n > 1} in K is such that x(a;„) converges for all y G IK, then 
sup ||x„|| < oo in case e = 0 or liminf ||x„|| > 0 in case e 0. 

Then ?(IK) is closed in K** and under Condition (C) the Levy measure of any proper 
SaS random element is supported by IK. 

Proof. By rescaling, ^4^ is IK-weak relatively compact for all r > 0. If y(x„) —p(y) for 
all y G IK, Condition (W) yields that x„ G A'i^ for some r > 0 and all n > 1. The weak 
relative compactness condition implies that p(y) = y(x) for some x G IK as in the proof 
of Lemma Ea so that *(IK) is closed. □ 

The above result is applicable if K is a reflexive Banach space, see Example 18.21 
Although a general Banach space is also Pontryagin reflexive if the family of continuous 
functionals is equipped with the compact-open topology EZI, we were not able to make 
use of this fact to show that the Levy measure is always supported by IK. 

Remark 7.9. One particular simple instance, when both Theorem 17.91 and Corollary 17.81 
apply is when the K-weak convergence is equivalent to the metric convergence in IK and 
the unit sphere is compact. Compactness of the sphere is an important requirement here 
as Example I8.1(il shows. 

7.3 LePage series constructed from the Levy measure 

If the Levy measure A of a proper SaS random element ^ is supported by K, then the 
corresponding Laplace exponent takes the form 

p{x) = iKx) + hix) + [ {l--x{x)+iL{x,x))A{dx), yGK. (7.7) 

JK\{e} 

We slightly abuse the notation here by writing L{x,x) instead of L{x, Px) for Px = i{x). 
Note that the Levy measure A satishes 

/ (1 — Rey(x)) A((ix) < cx) (7.8) 

iK\{e} 


for all yGK. 

In order to be able to consider the Poisson process with intensity measure A, we have 
to ensure that A(Ar) < cxd, i. e. A is hnite on the sets in K' which are separated from e 
by a positive distance. Condition (C) on its own makes it possible to derive from (17.811 
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that A is locally finite on K \ {e}. Indeed, if a; 7 ^ e, then the neighbourhoods of x and 
e can be strictly separated by some character x- Therefore, Re x{y) < 1 ~ ^ for some 
e > 0 and all y from a neighbourhood of x. It follows from (dl) that A-measure of this 
neighbourhood is finite. 

However, the local finiteness of A alone does not imply the finiteness of A (A,,) unless 
IK is locally compact. In general, the finiteness of A(A,.) follows immediately from 
Lemma FTTI if e does not belong to the K-weak closure of A,,, since A(Aj,) < A(cl(z(Ar))). 
In this case A is the product of the measure 9a given by (USD with a ^ 0 and a finite 
spectral measure a on §. 

If A(Ar) is finite, the Poisson process H on IK with intensity measure A a. s. has only 
a finite number of points in A^ for any r > 0. Define 

= f xn{dx), r>0. (7.9) 

tj 

Similarly to Theorem 17.2L a suitable normalisation needed to ensure the convergence of 
as r I 0 is provided by integrals of the Levy function. 


Theorem 7.10. Let ^ be a proper SaS random element in a normed cone K without 
Gaussian component such that its Levy measure A is supported by IK. Assume that (C) 
holds and A(Ar) < 00 for all r > 0 . 

(i) IfU is a Poisson process on IK with intensity measure A and 


Irix) = exp 




L{x,x)A{dx] 


A e K, r > 0, 


then 

Jr(x)Tix{(y^Ex(() as riO. 


(7.10) 

(7.11) 


(a) ILK consists of continuous characters and, for each r > 0, there exists G IK such 
that yrix) = xi^r) for ail y G IK, and if Xr + converges almost surely as r | 0, 
then the limit coincides in distribution with 


Proof. The first statement is proved similarly to Theorem l7.2l By (17.111) . E 

Ex(0- If a. s. converges to then its limit shares the Laplace transform 

with □ 


If 7 r(x) = 1 for all y (e. g., if ^ is symmetric), then ()7.11jl implies that 


Ey(e(^))^Ey (0 as r j 0 . 


If the characters from IK are not necessarily continuous, the convergence of Laplace 
transforms implies that weakly converges to ^ with respect to IK-weak topology, see 
|481 Prop. IV.3.3]. However, in general this does not suffice to show that weakly 
converges to 
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7.4 LePage series representation on semigroups 

The almost sure convergence of from (I7.9|l to a random element ^ = / xll{dx) does 
not necessarily mean that ^ and from which the are derived, share the same 

distribution. Indeed, we only have that —> Ex(,^), while does not 

necessarily converge to Ex(,^) if y is not continuous. Indeed, discontinuous characters 
cannot be simply interchanged with infinite sums of elements from K. The following 
definition singles out characters that are interchangeable with sums of series in K. 

Definition 7.11. A character y is said to be series continuous if 

OO OO 

= nx(2:fc) (7.12) 

k=l k=l 

for every convergent series ^ x^ of elements from K. 

If the characters from K are series continuous, then Theorem l7.1()K ii) holds without 
assuming the continuity of the characters. The following result shows the uniqueness of 
the ingredients of the LePage series. 

Theorem 7.12. If (C) holds with K that consists of series continuous characters, then 
any two a. s. convergent (as principal values) LePage series \ ‘d. ,bl) with sums having proper 
distributions are identically distributed if and only if the corresponding parameters a 
and the spectral measures coincide. 

Proof. The LePage series (Ei) with a proper sum can be written as J xll{dx) for the 
Poisson process 11 on IK with the intensity measure A. If ^ admits two different LePage 
representations, this means that the Laplace exponent of ^ has two representations 
with different Levy measures. The uniqueness of ()6.5|) however implies that this is 
impossible. □ 

Consider relatively simple semigroups that are embeddable in a certain group G such 
that G-valued proper SaS random elements admit the LePage series representation. For 
instance, this is the case for semigroups embeddable as cones in a Banach space B, see 
Theorem Then the following result holds if B has a separable dual space. 

Theorem 7.13. Let G be a group such that each proper SaS G-valued random element 
with a G (0,1) admits the LePage representation. Assume that there exists a countable 
family of continuous homomorphisms /„ : G —>■ M, n > 1, such that IK = {x G G : 
fn{x) > 0, n > 1}. Then each proper SaS random element in IK with a G (0,1) admits 
the LePage series representation 

Proof. A SaS random element in IK is also SaS in G. By the condition, ^ can be 
represented by (EH where Sk are distributed on the unit sphere in G. Now consider any 
homomorphism / : G —>■ M, i. e. a linear continuous functional on G, such that f{x) > 0 
for each x G K. By applying / to both sides of (El), using the fact that /(^) is SaS 
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random variable and the nniqueness of the LePage representation (see Theorem EH, 
we obtain that f{sk) > 0 a. s. Repeating this for a conntable family of linear continuous 
functionals, yields that G IK a- s. □ 

In general, the main prerequisites for the existence of the LePage representation 
are the fact that Levy measures are supported by IK and hnite on Ar, the continuity 
(or series continuity) of the characters and the convergence of the LePage series. The 
latter is particularly simple to derive if the norm is sub-invariant and a G (0,1), see 
Theorem Id .01 

Theorem 7.14. Assume that IK has a sub-invariant norm and one of the following cases 
is applicable. 

(i) Conditions (C), (E) and (S) hold with K that consists of series continuous char¬ 
acters and the unit sphere S is compact in IK. 

(a) Conditions (C) and (W) hold with IK that consists of continuous characters and 
the unit sphere § is K.-weak compact. 

Then every SaS random element in IK' with a G (0,1) and without Gaussian component 
can be represented as the LePage series id.yp with z = e. 

Proof. First of all, note that 0 = e by Lemma [2.71 and the weak compactness of the unit 
sphere implies that the closed unit ball (being Af) is IK-weak compact. 

Next, continuity of characters in (ii) implies that (E) holds in this case too. By 
Lemma 15.171 ^ has a proper distribution. By Theorem 17.51 or Corollary 17.81 the Levy 
measure A is supported by IK. Let us show that also (ii) implies (S). Since 0 = e, 
it suffices to consider a sequence {xn} with norm greater than 1. If this sequence IK- 
weakly converges, (W) implies that sup ||a;„|| = c is hnite. Thus, the x^s belong to 
the set F = {x G IK : 1 < ||x|| < c}. The IK-weak compactness condition on § and the 
continuity of the characters implies that F is IK-weak compact and so IK-weak closed. 
The separation property implies the uniqueness of the weak limit, so that the weak limit 
of Xn also belongs to F, i. e. this weak limit is not e. Thus (S) holds in the both cases 
(i) and (ii), and Lemma f7.4l implies that A(Ar) < oo for all r > 0. 

Let IIcj be the Poisson point processes with intensity measure A. By Theorem Id.51 
the sum of its points converges absolutely, which implies that the principal value of the 
integral Gn„(x) = /k'(^ ~ converges. The last integral being (j5.15|l allows 

us to set the Levy function to zero by Theorem 15.71 

Let fa be the sum of the LePage series (EH) with z = e. By (EHD, 

Ex(^a) = exp [ (1 - x(x))A(dx) 

L Jk 

Writing a part of (|5.5p as above, we arrive at 
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It suffices to show that ^ and share the same Laplace transform. The quadratic form 
q vanishes, since ^ does not have a Gaussian component by the imposed condition. The 
function i clearly vanishes in case of either the identical involution, or symmetric ^ or if 
the second distributivity law holds. Now we show that this also holds in general under 
the sub-invariance assumption for a G (0,1). 

Note that £ is the only imaginary part of the Laplace exponent of By applying x 
to the both sides of (HH) we obtain that 

° x)«) E(6‘/“ o x)K) = E((a + 6)‘/“ o x)K), 

whence, using the additivity property of £ we have for a = 6 = 1/2 that 

o x)(2“^/“ o x) = %) ■ 

This equality can be written shorter as £{f{x)) = where /(x) is a character that 
acts on a; G IK as {f{x))i^) = + a^))- By iterating we obtain that 

i{f\x)) = i{x), (7.13) 

where (/^(x))(a^) = 2“^/"S'2fe) and Sn is the sum of n identical snmmands being x. By 
the sub-invariance property, n~^Sn has a norm bounded by ||a;|| which is finite for all x 
in a normed cone. Since a < 1, we have 2~^/°‘S2k —>-0 = 6. Being the only imaginary 
part of the continuous Laplace exponent, the function £ is also continuous with respect 
to pointwise convergence of its argument. Since (/^(x))(a;) x(6) = 1 for all x and (E) 

holds, /^(x) pointwisely converges to 1. By passing to the limit in (I7.1d|l and noticing 
that £(1) = 0, we obtain that f'(x) = 0 for all x ^ IK. □ 

If a does not belong to (0,1) or if IK does not have a snb-invariant norm, an analogue 
of Theorem inni holds assuming that the LePage series converges almost surely. In a 
special case of semigroups with identical involution, we arrive at the following result. 

Theorem 7.15. Assume that IK is a normed cone with identical involution such that 
conditions (i) or (ii) of Theorem lT. 141 hold. Then every SaS random element in IK' with¬ 
out Gaussian component admits the LePage representation (ITTTD with z = e, provided 
the principal value of the integral exists almost surely. 

If IK is idempotent, then we do not have to reqnire that ^ does not have a Gaussian 
component, c. f. Lemma lb.hi Since the addition operation is not invertible in general, 
the presence of Gaussian component in ^ does not mean that ^ can be decomposed as 
the sum of a Gaussian element with an independent remainder. 

8 Examples 

8.1 Cones with the second distributivity law 

These examples are the closest to “conventional” stable distributions on the line or 
in Banach spaces. The cone IK is typically a group or is embeddable in a group. In 
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particular, the second distributivity law implies that 0 = e and ]K(a) = {e} for a ^ 

If (C) holds, then a G (0,2] and the order of homogeneity of the Levy measure is 
strictly less than 2 (respectively, 1 if the involution is identical), see Corollary 10.01 By 
Theorem 16.51 a proper SaS random element does not have a Gaussian component if 
a 7 ^ 1, 2 or a 7 ^ 2 if IK is a group. 

Example 8.1 (Positive half-line). Consider R_|_ with the arithmetic addition. Euclidean 
metric and identical involution. A separating family of continuous characters is given by 
Xt{x) = for f > 0. By Corollary 16.8L the Levy measures are homogeneous with the 
order strictly less than 1. The only SaS laws with a = 1 are deterministic distributions. 
Note that 

Pix) = -logEe“*« = 

is a well-known representation of the Laplace transform of a strictly stable law on M_|_. 
The existence of the LePage representation follows from Theorem 17.14K i ). 

Example 8.2 (Banach spaces). Let IK be a Banach space. A separating semigroup IK of 
continuous characters consists of Xu{-) = for all linear continuous functionals u. 
Since the norm is clearly invariant, the LePage series converges absolutely for a G (0,1). 
Theorem K7\ turns into in Th. 7.11]. 

The separation property holds by the Hahn-Banach theorem, so that (C) is satished. 
The IK-weak convergence is the conventional weak convergence in Banach spaces. The 
strong convergence implies the weak convergence, so that (E) holds, hence a G (0,2]. 
If the space is reflexive, then the unit sphere is weak sequentially compact, see, e.g., 
HU Th. 11.3.28]. Furthermore, the weak convergence implies the strong boundedness, so 
that (W) holds and by Corollary 17.81 the Levy measure is supported by IK. Every SaS 
random element with a G (0,1) admits the LePage representation by Theorem 17.14K ii ). 
For 1 < a < 2, one should use the methods that rely on symmetrisation arguments, see 
[30j . e. g., to check the tightness of Xr + needed in Theorem l7.1()K ii ). 

Theorem mi can be applied to any cone which is embeddable in a Banach space 
with separable dual, e. g., to the cone of non-negative continuous functions with addition 
operation. 

Example 8.3 (Compact convex sets with Minkowski addition). Let IK be the family co/C 
of nonempty compact convex sets K in with the semigroup operation being the 
Minkowski (elementwise) addition. Note that IK is not a group, since the Minkowski 
addition is not invertible. The involution corresponds to the symmetry with respect 
to the origin. The Hausdorff metric turns IK into a normed cone with e = 0 = {0} 
and the norm dehned as ||iK|| = sup{||x|| : x G iP}. Since the Hausdorff metric is 
invariant, i. e. the distance between Ki + L and K 2 + L coincides with the distance 
between Ki and K 2 , the corresponding norm is clearly sub-invariant. The unit sphere 
in IK is § = {iP G CO /C : ||7C]| = 1}; it is compact in the Hausdorff metric. 

Before describing the characters on co/C, consider the appropriate sub-family of 
“centred” sets. With every convex compact set K it is possible to associate its Steiner 
point 

1 f 

s{K) = — / h{K,u)udu, 

Js‘^-^ 
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where Kd is the volume of the unit ball in the integral is taken with respect to the 
{d — l)-dimensional Hausdorff measure on the unit sphere S'^~^ in and h{K, u) is the 
support function of it' G co /C, i. e. the supremum of the scalar product (u, x) over x ^ K 
for u G It is known that the Steiner point is linear with respect to Minkowski 

addition and that s{K) G K, see jlHl P- 42], Let co/Cq be the family of convex compact 
sets with their Steiner points located at the origin. This family can be considered as a 
convex cone with the identical involution and the Hausdorff metric. The condition (C) 
holds with a separating family of continuous characters given by 

= expj- y h{K,u)v{du)^ , (8.1) 

where i/ is a hnite measure on 5"^“^. In fact, it suffices to consider only counting mea¬ 
sures v. Note that it does not suffice to consider only the characters of the type 
since they do not form a closed family with respect to multiplication. 

A random element X in K = co /C is a random compact set, see, e. g., |2S1 Sec. 1.5]. All 
non-trivially equal to {0} random compact sets are proper. By Theorem 15.191 a proper 
SaS random element in co/Cq necessarily has a G (0,1]. Otherwise X is not proper, 
i. e. X = {0}. If a = 1, then by Corollary 10.41 the corresponding Laplace exponent is a 
linear continuous function of y and the random set X is deterministic. A conventional 
argument for this relies on the fact that the support function in every direction is a 
non-negative SaS random variable, which is necessarily degenerated for a > 1, see ini. 
Similar arguments are applicable to the cone of convex compact sets that contain the 
origin (not necessarily having the Steiner point at the origin) and are equipped with 
the identical involution. Theorem I7.14lf i) applies, implying the LePage representation 
of SaS random elements. 

Now return to the cone of K = co /C of all convex compact sets. A convex compact 
set K can be decomposed as K = s{K) + Kq. Therefore, the cone of compact convex 
sets can be decomposed into the sum of two cones: with the conventional addition 

and the cone co/Cq of convex sets with the Steiner point at the origin. The hrst has 
the complex-valued characters, while the second has the identical involution and [0,1]- 
valued characters given by (ED). By combining the two families of characters we obtain 
the separating family of continuous characters given by 

y^,i.(X) = expj - / h{K - s{K),u) v^du)^ , (8.2) 

where v G If X is a SaS random convex compact set, then s{K) is a SaS random 
vector, so that a G (0,2]. Furthermore, X — s(X) is SaS in co/Cq, whence a G (0,1]. 
Therefore, a stable random set with a G [1, 2] is a sum of an SaS random vector ^ 
in and a deterministic convex compact set, which is necessarily {0} in case a > 1, 
i.e. X = {^}. If the stability dehnition ()1.1|1 is weakened by allowing an additive 
normalisation, then this deterministic part may be any convex compact set, see PI- 

Theorem 15.151 implies that the Laplace exponent (p(v,iy) = FiXv,u{^) of a SaS 
random set X satishes 

ip{tv, tv) = t°'(p{v, v) 
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for all t > 0, V and u. Since the nnit sphere S is compact and (S) holds, every SaS 
random compact set with a G (0,1) admits the absolntely convergent LePage series 
representation. 

Not necessarily strictly stable random compact convex sets for any a G (0, 2] in a 
separable Banach space have been studied in It is shown in Th. 1.14] that 

a-stable random compact convex sets with a G (0,1) can be represented as a stochas¬ 
tic integral over S with respect to a certain independently scattered a-stable random 
measure. This representation coincides with the LePage representation in K. 

It should be noted that general semigroups representable as systems of compact 
convex sets have been characterised in jd8] . 

Example 8.4 (Upper semicontinuous functions). Let K be the family of upper semi- 
continuous functions u : i—^ [0,1] such that Ut>oPt(M) is relatively compact where 

Ft{u) = {x : u{x) > t}. The metric between u and v is defined as the supremum of 
the Hausdorff distances between Ft{u) and Ft{v) over t G (0,1]. The sum of u and v is 
defined to be the upper semicontinuous function w such that Ft{w) equals the Minkowski 
sum of Ft{u) and Ft{v) for all t G (0,1]. This setting is similar to Example |H31 reformu¬ 
lated for increasing set-valued function indexed by [0,1], see also (SHI- Accordingly, the 
conclusions of Example 18.81 can be transferred to this case practically without changes. 

Example 8.5 (Einite random measures). Let K be the family of all hnite measures m on 
a locally compact topological space E with a countable base. The operations are the 
conventional addition of measures and the multiplication of their values by numbers. The 
neutral element and the origin are both equal to the null-measure. The Prohorov metric 
(see, e.g., EZI) on IK is sub-invariant and homogeneous at the origin. The corresponding 
norm ||m|| is the total mass of m. Assume that the involution is identical. A separating 
family of characters is given by 

X„(m) =exp|-y'ndm} (8.3) 

for any continuous bounded function u : E ^ R_|_. Since the Prohorov metric metricises 
the weak convergence, these characters are continuous and the K-weak convergence 
is equivalent to the metric convergence. The Laplace transform Ex„(/i) is called the 
Laplace functional of the random measure /x, see, e.g., jHl (6.4.16)]. The corresponding 
Laplace exponent is given by 



All non-trivial random measures have proper distributions. The random measure /i is 
SaS if 

a^/"/ii(iP) + hF^pi^{K) = (a + 6)^/"/x(iP) (8.5) 

for all measurable K. By Theorem I5.19L a G (0,1], which is also due to the fact that 
fi{K) is a non-negative SaS random variable, c. f. [Hj. Note that c o Xu corresponds 
to the character Xcu ■ By Theorem I5.15L /i is a-stable with some a G (0,1] if and 
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only if its Laplace exponent (p{u) satisfies ip{su) = s^^ip^u) for all u and s > 0. The 
integral representation (I6.6P corresponds to the representation for the Laplace functional 
of inhnitely divisible random measures, see [SI Prop. 9.2. VII]. The LePage series involves 
random measures distributed on the unit sphere S in K, which is the family of all 
probability measures on E. Thus, a SaS measure is the weighted sum of i. i. d. random 
probability measures with weights k > 1. This representation is a particular case 

of Th. 3.9.1] for strictly a-stable random measures. 

If i? is a compact space, then the unit sphere S is compact, so that each a-stable 
random measure with a G (0,1) admits the LePage representation by Theorem 17.14K i ). 

Example 8.6 (Locally finite random measures). Let IK be the family of locally hnite 
measures on with the topology of vague convergence and the same operations as 
in Example 18.51 This space is important in the studies of point processes without 
accumulation points. 

A separating family of continuous characters is given by (Q, but with u being 
a measurable bounded function with bounded support. The conditions (C) and (E) 
hold, and all non-trivial random measures are proper. Any SaS random measure /i has 
the Laplace exponent that is homogeneous, i. e. ip{su) = s°‘(p{u), where a G (0,1] by 
Theorem MB 

The extension of the Prohorov metric typically used to metricise the vague con¬ 
vergence of locally hnite measures (see, e.g., |S1 Sec. A2.6] or |2Z| Sec. 10.2]) is not 
homogeneous, since it is constructed using the sums of the type 2“*(ij/(l -|- d,), where di 
is a certain distance between the restrictions of the measures onto the balls i?j, z > 1. 

The unit sphere and the LePage series can be constructed for a sub-family of IK that 
consists of locally hnite measures m with a certain growth restriction at the inhnity, 
e. g., those which satisfy 

e~^m{Br)dr < oo. 

The value of this integral may serve as a norm of m with the corresponding sub-invariant 
metric given by the integral of the Prohorov distance between the measures restricted 
on Br- In particular, scale the norm if necessary so that atomic measures dx belongs 
to the unit sphere § in IK for all x from the unit sphere S'^~^ in R'^. Then the LePage 
series is /Iq, = where {sk., k >1} are i. i. d. random variables on S‘^~^. Note 

that this representation does not coincide with the representation of a stable Poisson 
process n„ from Theorem 13.31 The random measure is supported by a subset of the 
unit sphere 5"^“^. It does not take integer values and has the total mass being the SaS 
random variable S,a. = in (I^+, +)• 

8.2 Cones without the second distributivity law 

These examples typically appear if IK is not a group, but only a semigroup. In these 
cases one might have positive or negative stability parameter a unless an element of IK 
possesses a non-trivial inverse, which implies, under conditions (C) and (E), that a is 
necessarily positive, see Theorem 15.181 
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Example 8.7 (Positive cone in Euclidean space with coordinatewise maximum). For some 
d > 1, let IK be [0, oo)'^ with the coordinatewise maximum operation, i. e. x M y = 
(xi V V yd), and the conventional multiplication by numbers. In this case 

0 = e = 0 and K(a) = {0} for all a 7 ^ 0. The corresponding SaS laws are called 
max-stable, see [I21I2H1 

The semigroup IK has the identical involution and moreover is idempotent, so that 
the characters take only values 0 or 1, and the Gaussian component is degenerated 
by Lemma Ib.bl The Euclidean metric is sub-invariant. A separating family of series 
continuous (and also upper semicontinuous) characters is given by Xz{x) = l[o,z](a:) 
for 2 ; = {zi,...,Zd) e ( 0 , cxo)'^, where [ 0 , 2 ;] = [ 0 , 2 ^ 1 ] x ■ ■ ■ x If 2 ; has rational 

coordinates, these characters form a countable strictly separating family such that (C) 
and (E) hold. The multiplication operation acts on characters as aoljo ^j = l[o,z/a]- The 
Laplace transform of is then 


E 1 [ o , 2](0 = 5 

hence any non-trivial with the support not separated from zero is proper. By Theo¬ 
rem EH the corresponding parameter a is always positive. 

The unit sphere is compact and (S) holds. The Levy function and i vanish, so that 
7 r = 1, see (|7.1()jl . By Theorem l7.14K i). each SaS random element with a G (0,1) 
admits the LePage representation. The LePage series absolutely converges a. s. for all 
a > 0 and yields a max-stable random element. The corresponding representation of 
a max-stable law as the maximum of Poisson points is well known in the theory of 
multivariate extremes, see |d91 Ch. 5]. 

Example 8.8 (Half-line with minimum operation). Consider the extended half-line [0, 00 ] 
with the minimum operation and the conventional multiplication by numbers. Then 0 
is conventional zero 0, while e = cx) and so has inhnite norm. The upper semicontinuous 
characters are given by l[z,oo](a^) for G [0, cx)]. They are also series continuous and form 
a strictly separating family, so that Theorem 15.151 applies. The SaS random elements 
necessarily have a < 0 and the corresponding stable Poisson process IIq, has realisations 
from Af. The LePage series minfc>i(P^^^“£fc) with = 1 evidently converges to 
so that each SaS random element has the LePage representation by Theorem 17.151 
In the same way it is possible to handle the coordinatewise minimum operation that 
leads to multivariate min-stable laws, c. f. Example 18.71 

Example 8.9 (Union-stable random compact sets). Let K be the family K, of compact 
subsets K with the Hausdorff metric and the union operation that turns IK into an 
idempotent semigroup. The multiplication by numbers is defined as the corresponding 
homothetical transformation of sets. The neutral element of IK is the empty set, while 0 
is the origin {0}. Note that the norm of the sum is always larger than the norm of each 
summand, so that every non-trivial SaS law should have a > 0 by Lemma f5. 211 

A separating family IK of series continuous characters consists of xg{.K) = lGnA '=0 
for all open sets G. It is possible to extract its countable separating sub-family by 
considering G that are unions of hnite number of open balls with rational centres and 
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radii, i. e. from the so-called separating class inni Sec. 1.4], The product of two characters 
Xg and xc is the character Xgug', so that these characters indeed build a semigroup K. 

The Laplace transform of a random compact set X is given by 

ExGW = P{dfnG' = 0 }, 

which is usually called the avoidance functional of X and denoted by Qx{G). If X is not 
proper, then Qx{G) = 0 for some G, i. e. X almost surely hits G. This implies that X has 
a hxed point, i. e. there exists a; G such that x & X a. s., see m Lemma 4.1.8]. Thus 
proper random elements are exactly those that do not possess hxed points. Conditions 
(C) and (E) hold. By Theorem 15.151 the union-stable random compact sets can be 
characterised as those having homogeneous Laplace exponents (p{G) = —\ogQx{G), 
i. e. (p{sG) = s"(p(G). This characterisation has been obtained in jddl Th 4.1.12] using 
direct proofs, but in a more general case for not necessarily compact random closed sets 
that possibly possess hxed points, i. e. with not necessarily proper distributions. 

Since e 7 ^ 0, Theorem 15.181 implies that a < 0, contrary to the above mentioned 
conclusion of Lemma EM Thus, this cone does not possess any non-trivial proper 
SaS law. Indeed, the corresponding LePage series would involve the union of random 
compact sets scaled by arbitrarily large factors so that this union is no longer 

compact if a < 0 and this union contains the origin (and thereupon is not proper) if 

a > 0. 

Example 8.10 (Union-stable random compact sets containing the origin). Let K be the 
cone of compact sets in that contain the origin. We keep the same cone operations 
as in Example 18.01 However in this case both the neutral element and the origin are 
{0}, so that a > 0 by Theorem 15.181 and also by Lemma (5.211 Since all elements of K 
contain the origin, the characters are given by lGnx =0 indexed by open sets G that do 
not contain the origin. 

The Hausdorff metric on /C is sub-invariant with the unit sphere S = {K G /C : 
\\K\\ = 1}. The LePage series is 


LJrd'W,, (8.6) 

k>l 

where {X^, fc > 1} is any sequence of i. i. d. random compact sets from S. This series 
converges for all a > 0, although its convergence for a > 1 does not follow from The¬ 
orem EB but is easily seen by the direct proof. If Xk are independent singletons Sk 
independently distributed on the unit sphere in M'^, then X is the support of the stable 
Poisson process Hq with a > 0. 

Theorem EB is applicable, so that the Levy measures are supported by K and every 
proper SaS random element admits the LePage representation for each a > 0, see 
Theorem 17.151 Note that the Gaussian component is always degenerated by Lemma IfTT)! 

Example 8.11 (Continuous functions with addition and argument rescaling). Let K be 
the family of continuous functions / : 1 —>■ M such that /(O) = 0 and ||a:||“^|/(a:)| 

is bounded in a: G \ {0}. The cone operations are the arithmetic addition and 
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the rescaling of the argument, i. e. {Daf){x) = f{ax) for all x. Dehne invariant and 
homogeneous metric by 

difi,f 2 )= sup \\x\\~^\fi{x) - f 2 {x)\. (8.7) 

xeK‘^\{o} 

Then ||/|| is the supremum of ||a;||“^|/(a;)|, x ^ 0. The neutral element is the zero 
function, while the imposed condition ||/|| < cxo implies that 0 = e. The involution is 
given by /* = —/. It is interesting to note that K is a group, where nonetheless the 
second distributivity law does not hold. Since the metric is invariant, the LePage series 
converges absolutely for a G (0,1). 

Define continuous characters on IK as 


Xuif) = exp 


i 




( 8 . 8 ) 


where u is a signed measure on with bounded support and finite total variation. 
Their continuity follows from the fact that the convergence in norm implies the pointwise 
convergence, while the pointwise convergence is equivalent to the K-weak convergence. 
Then coxu = Xcou, where {coi/){A) = u{c~^A) for measurable A. The Laplace exponent 
(p of a K-valued random element ^ is given by E XuiO — Conditions (C) and (E) 

hold, so that Theorem 15.151 yields that SaS elements in K' are characterised by having 
homogeneous Laplace exponents, i. e. <p(co u) = c“<p(z/), where a > 0 by Theorem 15.181 
The unit ball in K is K-weak compact, since ||a;||“^/„(a;) < 1, n > 1, implies that 
||x||“^/„(a:) has a pointwisely convergent subsequence, whence fn has a pointwise con¬ 
vergent subsequence too. However Condition (W) does not hold. Neither is the unit 
sphere compact in the metric topology on K. Thus the available results of Section 17.21 
do not lead to the conclusion that the Levy measure is supported by K. 

Example 8.12 (Integrable random probability measures with convolution operation). Let 
IK be the family of probability measures m on M with finite first moment, the addi¬ 
tion operation being the convolution of measures (denoted by *) and the multiplication 
by scalars given by {Dam){K) = m{a~^K). Assume that the corresponding random 
variables are defined on a non-atomic probability space. If and ^2 are independent 
random variables with distributions mi and m 2 respectively, then {Dc^mi) * [Dc 2 xrt 2 ) 
is the distribution of Ci^i -|- 02 ^ 2 - The unit measure ho concentrated at 0 is both the 
neutral element of IK and the origin. The second distributivity law does not hold in this 
case, since the convolution of two measures (i. e. the distribution of the sum of two i. i. d. 
random variables) does not generally equal the rescaled measure (i. e. the distribution 
of the rescaled random variable). The involution corresponds to the central symmetry, 
i. e. m* is the distribution of if m is the distribution of 

Note that IK(q;) are all non-trivial for 1 < a < 2 consisting of SaS probability 
distributions in M. The integrability condition (that has not been used so far) implies 
the absence of non-trivial elements of K(q;) for a G (0,1]. Indeed, the corresponding 
SaS laws are non-integrable, c. f. Example 18.281 

The problem of defining a sub-invariant norm on the family of probability measures 
can be easily solved using the tools from the theory of probability metrics, see isaisni- 
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Recall that a probability metric d defines a distance between probability measures mi 
and 1712 or between the corresponding random variables ^ and r]. The metric is called 
simple, if it does not take into account the joint distribution of these random variables. A 
metric d is called r-homogeneous if d{c^, crj) = \cYd{^, rj) for all c 7^ 0; this metric is said 
to be regular if d{Y, + C;h + C) < for any random variable ( that is independent 

of both Y, and p. The regularity property written using the addition in K (i. e. the 
convolution) turns into ()2.8j) meaning that the simple regular metric is sub-invariant. In 
the theory of probability metrics, an r-homogeneous and regular simple metric is called 
ideal of order r. 

An ideal probability metric of order 1 between distributions of random variables ^ 
and r] can be dehned as 

d{^,v) =sup{|E(/(0 - f{v))\ ■ f e Lipi}, 

where Lip]^ is the family of functions with Lipschitz constant 1, i. e. \ f{x) — f{y)\ < \x — y\ 
for all X and y. This is the so-called Kantorovich metric or Wasserstein metric, see, e. g., 
m Th. 1.3.1]. Note also that 

/ OO 

|P{^ <x}- P{r] < x}\dx, 

■OO 

so that the corresponding norm of ^ (or of the measure m) is given by 

/ O poo 

P{^<x}dx+ / P{^ > xjda: = E 1^1 . 

-OO J 0 

The norm of any integrable measure is clearly hnite. The Kantorovich metric is complete, 
see j2Zl Th. 6.3.3]. Furthermore d{Y,k,0 —^ 0 if and only if ^ ^ weakly and E 
E 1^1, see j2Sl Th. 3.9.4]. 

Characters on IK are the characteristic functions, i. e. 

Xui'^TT') = J e'^'^^m{dx), ueR. 

They form a separating family of continuous characters with values in the unit complex 
disk ro, but they do not build a semigroup, since their products are not necessarily of 
the same type. However, if one dehnes 


= YlXuA^) 

i=l 


(8.9) 


for any hnite set {mi, ..., Uk} C M, fc > 1, then this family does constitute a semigroup. 
Note that ao Xui,...,uk = Xaui,...,auk- Conditions (C) and (E) hold, since the characters 
are continuous. The Laplace transform of a random measure y from IK is given by 


E Xui,...,uk{y) — 


x ■ ■ ■ x dxk), 
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where /i^, is the fcth order moment measure of the random measure /i, see, e.g., PEI. 
In other words, the Laplace exponent ip{ui,... ,Uk) = — log(E(/i)) is the log- 
characteristic function of the kth moment measure JIu. A random probability measure 
/i is SaS if 

((a^/“/ii) * (6'/“/r2)) (B) = (a + (8.10) 

for any Borel B G i3(M), where /ii,/i2 are two i. i. d. copies of /r. By Theorem 15.151 a 
non-trivial random measure is SaS if and only if (p{aui ,..., auk) = a"</9(Mi,..., Uk) for 
all Ui,..., Mfc G K, k > 1, where a > 0 by Theorem 15.181 Thus all moment measures 
have homogeneous log-characteristic functions. In particular, the hrst moment measure 
(also called the intensity measure) JI = J2i has the characteristic function of the form 
g-c|«|“_ This means that /I is an SaS law in M. Similarly, is a stable law in 
Thus, 0 < a < 2, i. e. the stability properties of the cone of probability measures are 
similar to those of a linear space. Theorem lb.21 applied to p = yields that the order 
of homogeneity of the Levy measure is necessarily smaller than 2. 

However the introduced family of characters is still not rich enough, since (or 
the corresponding random variables ^n) rnay K-weakly converge to e, whereas their 
norms are separated from zero. Thus, Condition (S) does not hold. Moreover a weakly 
convergent sequence may have unbounded norms, so that (W) neither holds. The unit 
sphere is not compact, since a weak convergent sequence of probability measures does not 
necessary converges in the Kantorovich metric. Consequently, the results of Section \T7]\ 
does not lead to the conclusion that the Levy measure is supported by K. Thus, in 
general the LePage series representation of a SaS random probability measure might 
involve a point process on the second dual semigroup, see Section ITU 

The sub-invariance property of the Kantorovich metric implies that the LePage series 
in IK converges absolutely for a G (0,1) and thereupon dehnes a SaS random probability 
measure. A simple example of a SaS random probability measure is obtained if we take 
Ek in to be a deterministic measure representing the probability distribution of a 
random variable ^ with E |,^| = 1. The corresponding LePage series dehnes a random 
probability measure p that, for a given sequence P^, is the distribution of 
with i. i. d. random variables ^1,^2, ••• distributed as If ij^u) = logEe*“^, then the 
characteristic function of every realisation of p is given by 

00 

Xu{p{uj)) = exp{^ V’(Mrfc^/“(a;))} . 
k=l 

In particular, if ^ is concentrated at a single point 1, i.e. if Ek = 5i, then 

00 

Xu{k) = exp{w ^ Pfc = exp{w^„} , 

k=l 

meaning that p is the unit mass measure concentrated at a realisation of SaS random 
variable in (I®+, +)• Similarly, if ^ = \/'k/2v^ where v is standard normal, then p is 
the unit mass measure concentrated at a realisation of a normal random variable with 
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mean 0 and variance (^a/27r/2. Note that this random variable exists if a < 2, so in this 
particular case the LePage series converges for a G (0,2). 

In contrast, a random probability measure fi = 5^ concentrated at the standard 
normal distribution v provides an example of a Gaussian element in K. Indeed, its 
Laplace transform 

• • •6*“'="] = = exp{-^(ui + • ■ ■ + u^f] 

is the exponent of a quadratic form q{Xui,...,uk)■ 

In the same spirit, it is possible to consider the semigroup of probability measures 
where the addition operation corresponds to the maximum of independent random vari¬ 
ables rather than the sum. As a distance, one can take any probability metric that is 
an ideal with respect to the maximum operation, see 

Example 8.13 (Uniformly integrable probability measures on ffi+j. Consider the cone IK 
which is a sub-family of integrable probability measures m on R_|_ such that IK is closed 
with respect to the cone operations from Example 18.121 IK is closed in the Kantorovich 
metric, and such that the unit sphere S constitutes a uniformly integrable family of 
probability measures with expectation (and Kantorovich norm) being 1. By the well- 
known sufficient condition Lemma 11.6.3], this is the case if 


sup 

m& 


G{x) m{dx) < oo , 


for some non-negative increasing function G such that G{x)/x —> oo as a: —> oo. For 
instance, it suffices to assume that for all random variables f corresponding to m G K 
one has < C'(E^)^’'''^ for some fixed constants G,e > 0 and all f. The uniform 

integrability condition ensures that the unit sphere is compact. 

Recall that e = 0 = 5o- Assume that the involution is identical. The cone IK of 
continuous separating characters consists of the [0, l]-valued characters given by 





( 8 . 11 ) 


where c,Ui,... ,Mfc > 0 and k > 1. Then the IK-weak convergence is identical to the 
metric convergence. Furthermore, (S) holds, so that every SaS random probability 
measure from IK admits the LePage representation by Theorem 17. 14lf i). 


8.3 Cones violating basic assumptions 

The examples below clarify the influence of the crucial assumptions on IK such as the 
existence of the origin, the norm, its sub-invariance property or the existence of a family 
of separating characters satisfying (C). In some of these cases the LePage series con¬ 
verges, but its convergence usually has to be confirmed by means of methods specific to 
the particular situation. 




Example 8.14 (Real line with maximum operation). Consider the extended line [—cxo, cxo] 
with the maximnm operation, conventional mnltiplication by non-negative nnmbers and 
the Enclidean metric. The nentral element is —oo and the origin is 0. The corresponding 
norm is not snb-invariant, e.g., d(max{ —1,1}, —1) = 2 is not smaller than (i(l,0) = 1. 
However a direct argnment shows that the LePage series with a < 0 and = — 1 dehnes 
a max-stable random element with the Weibnll distribntion. The same holds for a > 0 
and Ek = I- Semicontinnous characters are indicators l[-cx),a) and l[_oo,a]- It shonld 
be noted that the Laplace transform of a non-negative random variable ^ vanishes for 
characters with a < 0, so that snch ^ does not have a proper distribntion. 

Example 8.15 (Cylinder). Let IK = M+ x [0,27r) with the Enclidean topology. The 
addition is defined coordinatewise with the second coordinates added modnlo 27r. The 
mnltiplication defined as Da{xi,X 2 ) = {axi,X 2 ) acts only on the hrst coordinate. Snch 
a convex cone does not possess the origin, since Da{xi,X 2 ) —>■ ( 0 , 0 : 2 ), i. e. the limit as 
a I 0 is not nniqne. Becanse of non-nniqneness of the origin, it is nnclear how to define 
the nnit sphere in this example. A natnral replacement for the nnit sphere is the set 
given by 

{(xi,o: 2 ) : Xi = 1} = {x : d{x,\imcx) = 1} 

ciO 

for a (non snb-invariant) metric (i((xi, X 2 ), ( 2 / 1 , 2 / 2 )) = \xi — X 2 I + \yi — I/ 2 I mod 27r. 
However, the corresponding LePage series does not converge nnless the spectral measure 
is concentrated on a singleton, since adding of summands of type P^ changes the 
sum considerably even for a large k because the second coordinate is not scaled. 

In contrast, if we look at the pair (xi,X 2 ) as the polar coordinates of a point in 
with the Euclidean distance metric, then all the points of the type (0, X 2 ) are equivalent 
and this equivalence class can be used as the origin. All classical results are now valid for 
this cone showing the principal role uniqueness of the origin plays in our considerations. 

Example 8.16 (Non-compact unit sphere). Take K to be the positive quadrant with 
both axes {0} x (0,-|-cx)) and (0,-|-cx)) x {0} excluded. For some a G (0,1), consider 
two independent a-stable positive random variables and ^ 2 - Then the vector (^ 1 ,^ 2 ) 
is SaS in K, whereas its spectral measure is concentrated on two points (1, 0) and (0,1) 
which are not part of K. Consequently, no LePage representation is possible for (.^i,.^ 2 )- 
This example shows importance of compactness of the unit sphere even when all other 
sufficient conditions for existence of the LePage series are met, see, e.g.. Theorem 17.141 

Example 8.17 (Half-line with harmonic mean as addition). Let K be the extended posi¬ 
tive half-line [0, cxo] with addition x®y = (x“^ +2/”^)”^, usual multiplication and norm. 
Then 0 is the conventional 0, while the neutral element is cx). Although the norm is 
sub-linear, the corresponding metric d cannot be sub-invariant. Indeed, by the required 
continuity of operations, x©ch—>x©0ascj,0, so that the sub-linearity would imply 
d{x © ch,x) < c\\h\\ —>• 0. However d(x © ch,x) —*■ d{x © 0,x) = d{0,x) = ||x||, since 
X © 0 = 0. 

Take the Euclidean distance as the metric. The LePage series is i 

thus for positive a it gives identical 0 while for — 1 < a < 0 it converges to fZa, where 
is the (—a)-stable random variable in (M+, +). Continuous characters are given by 
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Xa{x) = for a > 0. The bijection x i—^ x~^ provides a homomorphism of semigroups 
(M+, ©) and (R+, +) that enables one to show directly that a takes values from (— 1 , 0 ) 
and that any SaS random variable with a G (—1, 0) admits the LePage representation. 

Example 8.18 (Half-plane). Let IK = M x M+ be the upper half-plane. The addition 
is dehned as the arithmetic addition of the hrst coordinates and as the maximum 
of the second coordinates of the points. Condition (C) holds, since the characters 
Xa,t{x) = l(-oo,a](a^ 2 ) X = (xi, X 2 ) G K, liave semicontinuous modulus and continu¬ 
ous argument. The SaS laws in this case have the hrst coordinate which is stable in the 
conventional sense in R, and the max-stable second coordinate. Thus, the parameter of 
such a stable law belongs to ( 0 , 2 ]. 

If the cone operation is altered, so that instead of the maximum we take the minimum 
of the second coordinates, then the second coordinate should have a negative parameter 
a unless the second coordinate is identical 0. The only non-trivial stable laws in this 
case are degenerate in the second coordinate and are stable with a G (0,2] in the 
hrst coordinate. The Euclidean metric is not sub-invariant for this addition operation. 
Indeed, adding a small h = (hi, ^ 2 ) to x = (xi, X 2 ) results in (xi -|-hi, min(x 2 , ^ 2 )), which 
may be quite far away from x if X 2 is large and 1 x 2 is small. 

Example 8.19 (Compact sets with Minkowski addition). Let us drop the convexity re¬ 
quirement in Example 18.81 so that IK is the family /C of nonempty compact sets K in R'^ 
with the Hausdorh metric. Then (USD does not hold and IK does not possess a family of 
separating characters. Indeed, K + K = L + L and K + K + K = L + L + L is possible, for 
instance ii K = [0,1] and L = [0, 0.4] U [0.6,1] on the real line. As a result, this example 
cannot be investigated using the harmonic analysis tools. However the Hausdorh metric 
is sub-invariant and so the LePage series still dehnes a SaS random compact set in R*^ 
with a G (0,1), thereby positively answering a question about a dehnition of a stochas¬ 
tic integral that dehnes non-convex stable random sets, see [ISl p. 457]. Theorem 14.71 
complements a similar result obtained in ^21 for the convex case. 

As an example, let Sk = {0,1}, fc > 1, be deterministic. Then the LePage series 
(El) dehnes a SaS random compact set X in [0, cxo) given by all sums of the type 
where 4 is either 0 or 1 , i.e. all sub-series sums of 

Example 8.20 (Union-stable random closed sets). Let IK be the family T of closed subsets 
F C R'^ with the union operation as addition and homothety as multiplication by scalars. 
Then e = 0, whereas no unique origin exists, since aF may have a limit as a | 0 that 
varies with the choice of F, e. g., it can be F itself if F is a cone in R'^. Any cone is an 
element of IK(a) for each a 7 ^ 0, so that a sub-invariant norm cannot be hnite everywhere 
by Lemma [2.71 

An analogue of the LePage series in this case is constructed by means of a locally hnite 
homogeneous measure A on F that dehnes a Poisson process on T. The union of the sets 
from this Poisson process dehnes a SaS random element in IK, i. e. a union-stable random 
closed set. The union-stable random closed sets with possibly non-proper distributions 
have been extensively studied in [221 Ch. 4] and [22]. Note that IK possesses the same 
family of separating characters as described in Example 18.9L so that the characterisation 
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results from Section El (that do not require the existence of the norm) hold. Here SaS 
random elements (or union-stable random closed sets) exist for every a ^ 0. 

Example 8.21 (Group with Gaussian distribution being SaS of any a). Let IK be the 
family of continuous functions on M with the pointwise addition and the multiplication 
by scalars corresponding to the rescaling of the argument as in Example 18.Ill Consider 
the characters given by dHSl). If 7 ] is a standard Gaussian random variable, then the 
Laplace transform of the random function f(a;) = rix^ for some /3 > 0 is given by 
Ex :.(0 = where 

is a quadratic form, since g(z/i -|- z/ 2 ) + — 1 ^ 2 ) = 2g(z^i) -|- 2 g(z/ 2 ). Thus is a Gaussian 

element in K. 

Let a = 2(3. Since = rjo^^'^x, it is easily seen that f satishes () 1 . 1 | 1 . i. e. is 

SaS. By varying (3 it is possible to obtain SaS Gaussian elements in such a cone with 
an arbitrary characteristic exponent a. It should be noted however that the considered 
cone does not possess the origin and norm. 

Example 8.22 (Intrinsically stable random measures). Gonsider the family IK of all locally 
hnite measures on W^\ { 0 } with the vague topology and the conventional addition oper¬ 
ation as in Example 18.5L but with the multiplication dehned as {Dam){K) = m{a~^K). 
The second distributivity law does not hold in this case, since (m -|- m) is generally not 
D 2 m. The neutral element is zero measure, while a unique origin does not exist, since 
the rescaled measures Dam may have various limits as a —> 0. A random measure /i is 
called intrinsically stable if 

Pi(a-i/“iK) + /i2(r^/“iL) = /i((a + b)-^/^K) (8.12) 

for all measurable K. Note that this dehnition combines the addition operation as in 
Example 18.bl with the scaling used in Example 18.121 

The continuous (0, l]-valued characters Xu are given by () 8 . 8 j) for u being a continuous 
function with bounded support. The multiplication by scalars is uplifted to the charac¬ 
ters as (c o Xu(-)) = X«(c-i )- Since (C) holds, an intrinsically stable non-trivial random 
measure has a homogeneous Laplace exponent ^{u) = (^(y^), i- e. v 9 (m(s“^-)) = s^Lp{u{-)) 
for all continuous u with bounded support and s > 0, c. f. Theorem 15.151 Theorem 15.181 
is not applicable to show that a has a particular sign, since the origin is not dehned. 

In this case, any a 7 ^ 0 is a possible parameter for a SaS random measure. For 
instance, the counting measures Hq, for all a 7 ^ 0 are stable in this cone IK. 

Example 8.23 (Random probability measures). Let IK be the family of all probability 
measures on R with the same cone operations as in Example 18.121 convergence in dis¬ 
tribution and the characters given by dHU). Theorem 15.181 implies that a > 0. In this 
case IK(a) are all non-trivial for 0 < a < 2 consisting of SaS probability distributions in 
R. As a consequence of Lemma f2. 71 it is not possible to dehne a sub-invariant metric in 
this cone unless assigning inhnite norm for all elements of IK(a) with a < 1. Recalling 
the discussion in Example 18.121 this shows that it is not possible to construct an ideal 
probability metric of order 1 that is hnite on all random variables. 
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Convergence of the LePage series shonld be checked in each particular case. For 
this, it is simpler to work with random characteristic functions rather than with random 
probability measures, since the convolutions of measures become the product of char¬ 
acteristic functions. Let IK be the family of characteristic functions 0{t), t G M, with 
addition being the product of functions and multiplication by numbers corresponding to 
the rescaling of the argument, i. e. {DaO){t) = 6 {at). The LePage series then yields the 
random characteristic function 

OO 

( 8 . 13 ) 

k=l 

where { 6 k, k > 1} are i. i. d. random characteristic functions from a unit sphere in 
K. The unit sphere S in IK can dehned by using any polar decomposition of IK. For 
instance, a homogeneous (but not sub-linear) norm of a probability measure m with 
distribution function Fm{x) = m{(—cx),a;]} and the corresponding percentiles qm{t) = 
infja; : Fm{x) > t} can be dehned as 

ll™f = i(J’m(0-)/2) + + F.„(0))/2). 

Notice that ||m|| =0 implies m = 6 o- In case of integrable centred probability measures, 
one can use the sub-invariant homogeneous (i. e. ideal) metric given by 

d{^,T]) = d( 6 'i, 6 ' 2 ) = sup |m|"^| 6 'i(m) - 6 ' 2 (m)| , 

where di and 62 are the characteristic functions of ^ and r] respectively. 

Assume that { 6 k, k > 1} are non-random characteristic functions of the strictly stable 
distribution with characteristic exponent (3 G (0,1], i. e. 6 k{t) = . In case P = 1 one 

obtains the symmetric Cauchy distribution. Convergence of the inhnite product 
is then equivalent to convergence of the series 

00 

ErC”. 

k=l 

This series converges a. s. if and only if P > a, and its limit is a strictly stable random 
variable ( with characteristic exponent a/p. Thus, the LePage series produces a random 
probability measure that corresponds to the strictly stable probability measure m 
with characteristic exponent P G (0,1) rescaled by a random a//3-stable coefficient (. 

As another example, assume that { 6 k, A; > 1} are characteristic functions of the 
Gamma-distributions with random shape parameter pk > 0 and scale parameter 1 . The 
corresponding measures are integrable, so that this case is covered by Example 18.121 
Since the unit sphere consists of all probability measures on M+ with unit mean, the 
considered random measures (or random characteristic functions) need to be rescaled by 
Pk to lie on the unit sphere. Then becomes 

OO 

k=l 
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so that the LePage series converges for every a G (0,1) and every distribntion of the pkS . 
This is also conhrmed by the existence of a snb-invariant norm for integrable probability 
measnres, see Example 18.121 
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